SOCIETA NAZIONALE DI SCIENZE LETTERE E ARTI IN NAPOLI

RENDICONTO
DELL’ACCADEMIA DELLE SCIENZE
FISICHE E MATEMATICHE

SERIE IV - VOL. LVIII - ANNO CXXX

(1991)

LIGUORI EDITORE






SOCL. ETA NAZIONALE DI SCIENZE LETTERE E ARTI IN NAPOLI

RENDICONTO
DEST.1’ACCADEMIA DELLE SCIENZE
FISICHE E MATEMATICHE

SERIE IV - VOL. LVIII - ANNO CXXX

(1991)

LIGUORI EDITORE



Pubblicato da Liguocri Editore
via Mezzocannone 19, 80134 Napoli

© Liguori Editore, Srl., 1992

1 diritti di traduzione, riproduzione e adattamento, fotale o parziale, sono riservati
per tutti i Paesi. Nessuna parte di questo volume pud essere riprodotta, registrata o
trasmessa con qualsiasi mezzo: elettronico, elettrostatico, meccanico, fotografico,
ottico o magnetico (comprese copie fotostatiche, microfilm e microfiches).

Prima edizione italiana Febbraio 1992

9876543210

1999 1998 1997 1996 1995 1994 1993 1992

Le cifre sulla destra indicano il numero e Panno dell’ultima ristampa effettuata.

Printed in Italy, Officine Grafiche Liguori, Napoii

ISBN 88-207-2178-3




INDICE

A. Canino, U. Perri - Eigenvalues of the p-Laplace

COperator with Respect to Two Obstacles

0. Fiode, S. Giuga - Perturbazioni singolari per
equazioni quasi ellittiche .in LP

M.R. Simonelii - Una breve nota sul montante
stocastico

G. Pesamosca - On the Optimalify Conditions for
the Fuclidean Muitifacility Location Problem
in a Tree

E. Meccariello - Approximation of the € -
Subdifferential

E. Pap, C., Swartz - An Elementary Proof of a Closed
Graph Theorem on normed K—Space

AM. Forenza, S. Giuga - Un preblema di controllo
al 1imiti per l'equazione delle corde vibranti

5. Giuyga - 5u una soluzione feedback in un problema
di controllo per l'equazione delle corde vibranti

M. Biancardi - Su una c¢lasse di disequazioni
variazionali di evoluzione del secondo ordine

B. D'Acunto - Singular Perturbations with Moving
Boundary
A, Climaco, M.C. Daniele, S. Di Nocera, V. Zamparelli

Studio preliminare delle croste calcaree (caliche)
della Capitanata (Puglia)

B. D'Acunto - A Nonlinear Singular Perturbations
Froblem

33

55

65

79

101

105

115

131

149

165

185







EIGENVALUES OF THE p-LAPLACE OPERATOR
WITH RESPECT TO TWO OBSTACLES

Nota di Annamaria Canino e Umile Perri
Presentata dal socio Carlo Shordone
Adunanza del 12/1/91

Riassunio

St studia una classe di disequazioni variazionali ottenuta considerando il
probtema degli autovalori del p-Laplaciano rispetto a due ostacoli. Utilizzando
una teoria di punti critici per funzionali non regolari, si dimostra ['esistenza di
infinite soluzioni per il problema considerato. : .

Abstract

We study a class of variational inequalities obtained by considering the
problem of the eigenvalues of the p-Laplace operator with respect to two ob-
stacles. By using a lower critical point theory for non regular functionals, we
prove the existence of infinitely many solutions of the considered problem.

Keywords

p-Laplace operator, subdifferential functioﬁ, Sobolev’s immersion theorem,
lower critical points, Z;-category.

INTRODUCTION

The aim of this paper is to study the problem of the eigenvalues of the

p-Laplace operator with respect to two obstacles, namely

ve K,NV
g(z,u)(v —u) € L'(A) W€ K,
() Jo |IDu|P2DuD(v — w)dz — [, g(z, u)(v — w)dz+

+A fﬂ ¢(z,u}(v—u)dz >0 Yv € K,




where

K, = {v €Wy P(0) 14y < <ty p—cap. ae, G(,v()) € L' (D)},

V:{vewg"’(n):/nnm(z,v)dxzp},

with 1 2 bounded open subset of R™; p > ﬂz; 11,12 two assigned real
measurable functions on {}; ¢ and ¢ two fun?:tions of Carathéodory type on
1 x R and G(z,1) = f(: g(z, s)ds, ®(z,t) = f; ¢(z, s)ds.

We use methods of non smooth analysis as developed in [5],[6],[7],18],[9],[10].
Indeed, the problem is reduced to prove existence and multiplicity of the lower

critical points of the functional

f(u):%fnlDuF’dz—/nG(z,u) dz

on the constraint X — K, nV.

" To obtain the mutiplicity result, a critical point theory for non smooth

functionals (see [8],[14],[15]) is applied. Let us point out, the main difficulty.
The lunctional [ is defined in Wol’p(ﬂ) and also the constraint X is naturally
endowed with the WDl P_topology. On the contrary, if we apply critical point
theory, we need a Hilbertian structure.
This difficulty has been overcome by finding, by means of Sobolev’s fractional
imbedding theorem (see [17]), a Hilbert space H such that Wo? < H and
by taking regularity and growth assumptions on ¢ and g suitable to study
the variational problem with the topology of H. Moreover, let us note that
our technique requires p > n——:2' because we need the compact embedding
WP () «— L3(1).

We recall that in the case p=2, the problem (P) is studied in [2], [3] and
{12]. In [2] and [3], the existence of infinitely many solutions of (P) has been
obtained, considering the inequalities in K in almost everywhere sense. It is
used the L?—topology. In {12], results of the same kind have been obtained.
But the Wy -topology is used and weaker hypotheses than in [2] and [3] are
assumed. The inequalities in K, are regarded in the W(-,l’2-capacity sense. This
permits to consider thin obstacles.

The paper is divided as follows, In section 1, we recall some notions of
non-smooth analysis. In section 2, we list the assumptions and we state the

main results of this paper (theo.2.2 and theo 2.3). In section 3, we prove some




properties of our functional, in particular that f is C(P,Q) (in the sense of [2])
and we give the proof of the theorem characterizing the solutions of (P} as the
lower critical points of f (Theo.3.1). Section 4 is devoted to the study of the

category of X and to the proof of the main theorems.

I. RECALLS OF NON-SMOOTH ANALYSIS

In this section, let us recall some notions of non-smooth analysis (cfr. {2], {3],
51, 16}, 7], {9, {10)).
Let us denote by H a real Hilbert space, and by |i-|| and < -, > its norm

and scalar product, respectively.

DEFINITION 1.1 — (see, also, [2], [7], [9]). Let f: H >R U {+oo} be a map.
We set D(f) = {u € I : f(u) < +ooc}. Let u belong to D(f). The function f
is said Lo be subdifferentiable at u if there exists a« € H such that:

liminf fo) - fu)-<av-—u>

> 0.
o =l

We denote by 37 [{u) the (possibly empty) set of such a’s and we set
Do) = (we D) 0 1) £ 0).

It is easy to check that 3~ f(u) is convex and closed Vu € D(f); ifu € D8~ 1),
grad™ f(u) will denote the element of minimal norm of 8~ f(u).
Moareover, let E be a subset of II. We denote by Iy the function:

0 ve FE
Ix =
m(u) +oo u€ H\E

ft is easy fo check that 0~ Ig(u) is a coneVu € E,
I

We will call (outward) normal cone to !

e

nF 2 thoaosad AT (o)
al o Lue 9CL & (i),

DeFINITION 1.2 — A point u € D(f) is said to be a lower critical point for f
if0 € 87 f(u); ¢ € R is said to be a lower critical value for f if there exists u €
D(f) such that 0 ¢ 9~ f(u) and f(u) = c.

DeriniTIoN 1.3 — (see [5], [9]) Let W be an open subset of H. A function
f:W — R 400 is said to have a p-monotone subdifferential if there exists

a continuous function

w:D{f) x R* — R*




such that:
<a—fu—v>>—(p(u f), ) + e, ), 18])) v - vl

whenever

u, v € b(c’)“f), a€d f(u) and f € 87 F(v).

if p > 1, f is said to have a p-monotone subdifferential of order p, if there

exists a continuous function
X D(f)zrx R? — R*
such that:
<o Bru—v 2 —x(w, 7, 7))+ ol + 817 - ol

whenever

w,v € D8 f), a € d™ f(u) and g € 3™ f(v).

Finally, we conclude this section recalling the definition of function of class

C(r,Q}.

DEFINITION 1.4 — (see [2] and [12]). Let f: H — RU {400} be a map. Let
P and Q be real continuous functions on D(f) x D{f). [ is said to belong to
class C(P,Q) if Vii € D(f) such that 8~ f(u} # @ and Ya € 3~ f(u) it results

f0) = flu)+ < a,v—-u>—[Pu,v)|a] + Ql(u,v)] lv — ulj? Vv € D().

ReEMarK 1.5— If f is a map belonging to class C(P,Q) , then f has a -

monotone subdifferential of order 2.

2. THE FRAMEWORK AND THE MAIN RESULTS

TLet 1 be a bounded open set of R™, with n > 2.

Let us consider the functions : G : 1 x R — R such that G(z,)is of
class C*! for almost all z and G{,t} is measurable for ali ¢{; ® : 1 x R — R
such that ®(z,) is of class C? for almost all z and ®(-,t) is measurable for all
tihy, P2 1 8 — IR-Dorel measurable with i, < 32 a.e. in {1. Moreover, let us
set D,G(z,t) = g{z,t) and D, ®(zx,t) = ¢(z,1).




n+2
In the following, we will consider the Sobolev space Wy '¥(11) and we will

denote by H, the Hilbert space W3'%(f), where

Now, let us fix a real number p >

-2 2 2
n(p )+p i <p<?2
8 = 2p n+2
1 p=2

Let us recall that WP (Q) — WZ*(1) (see [17)).

Il -] and < -,+ >, will be the norm and the scalar product of If, respectively.
Let us set

V= {UEH:LQ(z,u)d;:p} (p # 0);

K= {v EWP(0) 1 ¢y <T < by p—cap-ae on (1};

K, = {ve K:G(,v()) e L'(M}};

ure = v —¥7;

(We denote by ut the positive part of u i.e.ut(z)

= ufx} if u(z) > 0 and
wt{z) = 0if u(z) <0; u™ = (—u)t). )
Let us make the following assumptions on the functions G, ¢, ¢, ¥2.
Given g, with 2 < ¢ < ne fp<nand2<g< 4o ifp>n,
n—p
(G.1) there exist ap € L*(1) and bo € R such that

G(z,t) < ao{z) + bot]";

(G.2) there exist a; € L"(1) with

2 <p<2
g—2 n-+2
T =

n > 9
9 Pz

. . . mn

{with the convention that, if ¢ = 2 and e < p 2, then 1o o),
n .

by € R and a Carathéodory function w: @ x R? —» R with

0 < w(z,ty,t2) < ar(z) + by [[tr|7% + 2|77




and such that
Glz,tz) < Gz, t;) + glz, t1) (t2 — t1) + w(z, by, t2)|tz — t1|%

(G.3) G(-,t) € L}(Q), VI € R,
Given g, with

~ n 2n
2<g< p <p<?2
n—p n+2
- 2
2<i<—- 2<p<n
n—2
2<§<+oo pzn

(#.1) there exist co € L*(f1),do € R, such that
| @(z,t)| < eolz) + dolt]”;

~

$.2) there exist ¢; € 7 (n 7 r,;»gn— , d; € R such that
( 1
7—

|@:(z,8)| < ea{z) + dult]*h;

~ ~

(.3) there exisl cp € L7(01), [0 = (%)' = -&:,wq—z) , (with the convention that, if

g = 2, then o = o0), dy € R such that
I‘I'“(I,t)l < Cz(«'f) + d2!t|q_2;

(®.4) ¢(z,t)t >0 VL0 ‘
(without loss of generality, in the following we will suppose
®(z,0) = 0 a.e. in 0);

(%) 1,12 € L7(2) where

<2
7 n+2 b
2n
r=44q pPz22,25q9s
n{g—2 2n
_(.gmwml p>2,q>~.,,m_

2 n—2
The aim of this paper is to study the following problem:

(P) To find a real number A and a function » on such that:

ue K, nv
g{z,ul{v —u) € L'{(1) YveE K, -

fn |Du|P~2DuD(v — u)dz — fn g{z,u}(v — u)dz+
+A [y d(zu)(v ~uw)dz 20 Vve K,

Now, after recalling a definition, we can state the main results of this paper.

10
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DErINITION 2.1 — (see [2]). Let A and B be two subsets of a Iilbert space IT;
A and B are (externally)tangent at u € AN B if

(=07 Ia(u)) N8~ Ip(u) # {0}.

THEOREM 2.2— Let K, NV # @ and K, and V be not tangent at any point.
Let us suppose that (G.1),(G.2),(2.1), (®.2), (¥) hold with g such that

np

2<qg< ifp<nand2<qg<+o0ifp>n,

and ¢ such that
np

2<g< <p<2
_q_n-p nt2 p
~ 2n
2<g< 2<p<n
n—2 .
2<g§< 40 p>n

Then, there exist u € K, NV and A € R solving the problem (P).

THEOREM 2.3 — Let K,NV # 0 and K, and V be not tangent at any point.
Let us suppose that (G.1) —-(G.S),(d’.l) — (®.4) and (V) 'hold, with g and §
as in Theo.2.2. Moreover, let us assume that g(z,t) and ¢(z,t) are odd with
respect to the variable t and @ = ¥ = —¢; > 0.

Then, there exist a sequence (ug)x C 'Kg NV and a real sequence (Ak)x
such that Vk € N, (ux,Ax) and (—ug, Ax) are solutions of (P) and
inf{A\r : k € N} = —co.

3. VARIATIONAL CHARACTERIZATION OF
THE SOLUTIONS OF THE PROBLEM

In this section, our aim is to prove that the solutions of the problem (P) can
be characterized as lower critical points of a certain functional on a suitable
space. _

So, let us define the functionals: fy, fo, f : H — RU{+00} in the following

way:

Ji(w) {”ﬂ |Dulrdz — [, G(z,u)dz  ueWyP(Q)
1) =

+00 u € H\Wy (1)

Jo=fi+ Ik
f=fo+1Iv.

11



Let us state the mentioned characterization.

TuEOREM 3.1 — Let us assume that {G.1),(G.2) hold and let u belong to
W, " (Q). If there exists A € R such that (u, A} is a solution of (P), then

f(u) < +oo and 0€ 87 f(u).

The converse is true if K; and V are not fangent in u.
In order to prove this theorem, we study the properties of the three previous
functionals.

Let us start with f;.

REMARK 3.2
a) Under the assumption (G.1), we have:
a1) fi is well defined and

(1) = {we wg™(0) : G,u()) € L@}

az) fi is lower semicontinuous if <p<2or p>2and

n+2
2n
2<¢< Pt
n—
b) Under the assumptions (G.1) and (G.2), the function g(z,u)(v—u) is lower
semi-integrable Yu € W,'?{(1) and Vv € D(f1).
c¢) Under the assumptions (G.1) — {G.3), the function g{z,u)u is upper semi-
integrable Vu € Wg'p(ﬂ).
d) Under the assumption (G.2),Vty,t2 € R and s € [0,1], we have:

§G(x,t1) + (1 — 8) G(z,t3) < |
< Gz, sti+ (1= 8)t2)) + s(1— ) [an() + balta]T2 + bylta|* 2] b2 — a7,
In the following, if p < 2, we will use the convention:
|DulP~2Du =0 if  PDu=0.

PROFOSITION 3.3 — Under the assumptions (G.1) and (G.2), we have:
a) D(f1) is convex. Moreover, if w € L() and there exist u,v € L?(f1} such
that G(,u), G(v) € L) and vAv<w<uVoe ae in(l,
then G(-,w) € L'(Q). .
b) Ifu and v belong to D(f1), then

12




bi) there exists ¢ = ¢(by,n,q,) such that

Ji(v) = f1({u) +[ﬂ [Du|*~2DuD(v — u)dz — /n g(ﬁ:,u)(u — u)dz+

—e{llallor i@y + Iullf gy + 10 B2y v =l

b2)
lim fi{u+tv—u)) — f1(v) _
t—0t t
=LlDu|"_ DuD(v—u)da:m/;]g(:c,u)(v——u}d:c.

c) Ifu and v belong to D(f,) and 8~ f,(u) # @, then:
the functmn g(z,u)(v —u) is integrable.
d}) Ifu e D(fy) and a € H, then:
- a € 3 fi{u) if and only if Vv € D(f;)

[ |Du|P~2 DuD(v — u)dz — / gz, u)(v —udz >< dyv —u > .
i1 1)

2 2
e} If'-n—:”2 <p<2o0r p>2,2<g< an' w€ D(f)) and e 3 f,(u),

then: Vv € D(f,)
fi(v) 2 Aiu)+ < o,v—w > —c{|leillnrioy +Hul|" %+ lo)l* 2}l - w®

iefi e C(U, Q)
ProoF. - a) Let u,v be in D(f,)and ¢ in [0,1]. By definition of f;, we have

Si(w +t{v —u)) / |D(u + t{v — u))"dz — / C‘(a:,u + t{v — u))dz,
0
and by Remark 3.2 d)
[ Glz, (1~ u + t)dz > —oco.
Q

by) Since the real map |]” (p > 1) defined on R" is convex and continuously
differentiable, then:

1 1 .
Si{v)— f1(u) = —-/ | Dv|"dx —/ Glz,v)dr — —/ | Du|"dx —|—/ G, wdr -
P Jn fn PJua 0

> /ﬂ ]Du|-”“2DuD(v ~ w)dz f o(z, u) (v — u)dz - {f“ ar()v — ul?dz+

9]

13



+8 [/ |u|?™ v — ul?dz+ f ly|7%|v — ulzdz} } . (3.3.1)
(1 0

<p<2 and

2n
By applying Wélder’s inequality to {3.3.1), in the case e
: n
n :
p>2,g>——, wehave
n—2

fi(v) = fi(w) + /ﬂ |Du|p;2DuD(v —u)dz —/ g(z,u){v — u)dz+

¢]

—{llasllzrton + ballellEy + bullolEtoy o = ey (332)

. 2n
and inthecase p> 2, g < ——,
n—2

fi(v) = fl(uk) + /s; | DufP 2 DuD(v — u)da:_/ng(z, u){v — u)dz+

= {llal

13y applying Sobolev’s imbedding theorem to (3.3.2) and (3.3.3), we get the
thesis. !

b2) By b.), we have:

by + BullellEafoy + bullolEfony o =l 2, ) (339):

liminf Ji (u + t(v _ u)) m ) (u) >

t—0t t -

> [ |Dul*"2DuD(v - u)dz — f g(z,u)(v — u)dz.
' n . ¢!

On the other hand, by definition of f;, we have:

filu+ i — w) — i) :1& JACCRRCE [ 1pupaz+

t t

Now, let us define the map  h:[0,1] — R in the following way '
h(t) = f | Du + tD(v — )| dz.
0

Since A(0) = [, |Dul’dz and R'(0) = p [, |Du|""2DuD(v — u)dz, by Taylor’s

formula, we have:

Silwt b ;“)) — N s {% [tpfn {Du|"~2DuD(v — u)dz + o(t)] +

14




*fn Gz u + Ly — 1)) — G, u)}da:} .

Now, by Remark 3.2 d) and Fatou’s lemma,

o L ,
liminf/ (2, + Hv ‘ ) G(x’u)d:a: > / g(z,u)(v — u)dz.
t=0t Jg t 0

So

fmenp 2160 = W) = i(a) _
t—0t t

< / |Duff 2 DuD(v — u)dx ~ / g(z,u){v — u)dz.
Q n

]
and Lthe thesis is proved.

¢} By Remark 3.2b), it is enough to prove that
/ g{z,u)(v — v)dz < +oo.
0
Lel « € 97 fi(u), then by b;), we have
<oa,v—u>< /} |Dul® 2 DuD(v — u)dz — / g(z,u)(v —- u)dz
. g 0

and this gi.ves the thesis. : )

d) Let a € 8~ fi(u), then, by by), the thesis follows.
The converse is trivial. _ :

e) We proceed as in the proof of 4,). By applying Hélder’s inequality to
(3.3.1) and recalling that H — L7(1), we have: '

Ji1(v) = fi(w) +/ |Du"~2DuD(v — u)dz --[ g(m,u)(ﬁ — u)dz+
3 0 !

—c{llerfior@y + lull* 7 + ol "2 }Hlo — >,

Now, it is enough to apply d) to this last inequality. 0

THEOREM 3.4 — Under the assumptions (G.1)-(G.3), we have:
a) Wa(0) 0 1= (0) © D(fy); ‘
b} ifwe D(f1) and 8~ fi{u) # @ then:
by) g(x,u)v is integrable Vv € D(f,);
ba) gz, u)v is lower integrable Vv € L9(0) such that G(z,v) is integrable;
¢) ifue€ D(f1) and a € 3~ fi(u) then:

15



[ [ Du|P~? DuDvdz — / gtz, vyodz >< a,v >  Yv € D(f1);
0 o

(¢2)

i filu+t(v —u)) — fi(u) ><av—u> Vve D(fi);

t—ot t
d) ifu € D{f1) and e € H then:
a € 8 fi(u) if and only if Vv € D(f,)

[ |DulP 2 DuD(v — u)dz — f g(z,u)(v —v)dz >< a,v —u > .
0 a
Proor.-a) Ifue Wol’p(ﬂ) N L>={Q}), by Remark 3.2 d),

/ G(z,u)dz > —co.
0

b1} Tt is enough to apply Prop.3.3 ¢). .
by) ¥ v e L7(0) and G(z,v) € L} (1), by (G.2), we havé

g(z,u)v > Gz,v) — Gz, u) + glz, upu — w(z,u,v)|v — u® >
> G(z,v) — G(z,u) + gz, w)u +

vty + lellly gy + 10 1 2oy 10 = s a)-

—cfflai

Since g(z,u)u is integrable by Prop.3.3 c), then fn gz, u)vdz > —oo.
c;) Let us start proving that: VYo € W, P(01) n L= (1),

/ ]Duf”*gDuDvdJ:——/ g(z,ujvdr =< a,v > .~ (3.4.1}
( 0

We observe that (3.4.1) is true Yo € C§°(11). Indeed, if v € C5°(12) by

i) i 22 AY varn hoarae
rop.o.o aj, we nave:

[ |Du|"_2DuDvd:::—/ g(z,v)vdz— < a,v >>
a n

> f | Du|Pdz —[ g(z,u)udz— < a,u > . (3.4.2)
~Ja n

Selting v, = tv for t € R and replacing in (3.4.2) v by v, we have:

t {/ | Du|* 2 DuDvdz —f g(z,u)vdz— < a,v >} >
O a

16




> / |Dujdz — / g(z,u)udz— < o,u > .
0 0

Since £ is an arbitrary real number then,

f |DulP 2 DuDuv dx —[ g(z,w)vds— < a,v >=0.
a 0

Now, let us consider w € Wy'P(Q) N L*() , so there exists a sequence
(wh)h C Cgo(ﬂ) such that limy e wy = win Wol'p(ﬂ) and
lwif{zeq0) < [[w]|Leo(n). Then,

[ | DulP~2 DuDwydz —/ g(z, u)wpdz =< a,wy, >
0 0

and by Lebesgue’s Theorem, {3.4.1} follows.
Now, let us consider v € D(f;) and let us set v, = (v A k) v (—k).
By applying (3.4.1) to vx we have:

/ iDu|"_2Dukad:t: m-[ g(z, wvpds =< o, v >
[ H]
and by Fatou’s lemma

liminf[ g{x,u)vpd > / g(z, u)vdz

k—oo Jn 0

so, the Lhesis follows.

¢z) By Prop.3.3 b3), we have

i Blat o= w) = fifw)

t—0t t

ul" " DuD{v — uldz ~ z,u){v — u)dz
[ 1Dur=2DuD( — w)dz - [ g(au)(o - u)dz

and by ¢;), we gel the thesis.

Jun ]

I sllows by Pron.2.240
G} 1L IOROWS OY U IOp.a.odj.

ProrosiTiON 3.5 — 9
a) Under the assumptions (G.1),(G.2) in the case e
n

<p<2or
5 r

and (G.1),(G.2), (%) in the case p > 2, ¢ > on ,

>2,2<q <
p> <q S )

we have:

ay) [o is lower semicontinuous on H.

az} fo € C(0,Q). Moreover, let us consider two sequences

17



(t)os () © H, with u, € D(fo), oy, € 07 fo(um), such that
(m)m converges weakly to u in Wol’p(ﬂ) and (ot ), converges
strongly to « in H. Then, a € 87 fo{u).

as) Ifu,v € D{fo) and 8~ fo(u) # @, then: g(z,u)(v — u) € L1(Q1).

as) Ifu € D(fo) and a € H, then a € 8~ fo(u) if and only if

/ |Du|"*2DuD(U—u)dz—;/' g(z,u)(v—u)dz >< a,v—u > Vo € D(f;).
Q 0

b) Under the assumptions {(G.1)-{G.3), we have:
bi1) D(fo) # @ if and only if D(fy) is dense in K, with respect to the
topology of I,
by) If D(fo) # @, then:

Bty € L7(0) and G, ()), G5 () € L1(Q).

2 2
PROOF. - a;} If _nz <p<2orp>2,2<q< —’3—2-, the statement
. n—

follows by Remark 3.2 ag}.
2n

n—2"

In the case p > 2,q > let us prove that Ve € R the set

F, = {u € W&'z(ﬂ) : folu) < c}

is closed in W 3(n).
To this aim, let us take ¢ € R and a sequence (v,)n ¢ F, such that

lim v, = v in W, 3(Q1).
- h-soo

First of all, we will prove that (v),); is bounded in WOI'”(Q) '
Since, (vn)n C D(fo), by (G.1), we have

fr
¢ > fo(vn) = <llonlliyrery — | Gz, vn)dz >
I A

|

P
1 ) 4

>l ooy — [ ao(eddz ~ bolfnl ey

Moreover, Lthe llypnt,!i.esis (¥) implies:

ollesgay < lollery < cliflleriay Vo € K, (3:5.1)

where 1:5 = max{|1|;]¥2]) 4nd“c depends only on = and (1.
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Thas, ﬂvhﬂwl},pm) is bounded and we can consider a subsequence of (Uh)h,
still denoted by {vy)r, such that {(vs), converges weakly in Wé‘p(ﬂ) to v when
h — co. By Rellich’s theorem (v}, converges strongly to v in L4(02).
Moreover, since by (G.1), the map u — fn G(z, u)dz, is upper semicontinuous

on L4({1}, we have:
1
¢'> liminf {~|Ivhfifvl_,,(n) —/ Gz, vh)dz} >
h—oo p 0 0

1
> 2 lolygo o —/QG(I, v)dz = fo(v) (3.5.2)

and then ve F,.
az) Let us consider u,v € D(fy) and observe that if a € 3~ fo(u) then

liming JLHHY = ¥) = fi(w)

t—0+ t

Yl a,v—u > [(3.5.3)
Thus, by Prop.3.3 bz) and (3.3.1), we have

fol¥) > folu)+ < a,v—u>+

._{/ ﬂ,l(.’l’:)iv—ulgdz + by |:/ |u|q*2|u—u|2d$+ f |U|q*2!v—ui2d1 }
1] 0 0l

(3.5.4)
. 2n
Let us consider the case p <p<2
n
By applying lélder’s inequality to {3.5.4), we get
Jo(v) 2 folu)+ < a,v —u >+
q—2 —2
- {“Giiibf(ﬂ) + baflullz. ) +b1}}v||‘},qm)} llo = wllZe(ay (3.5.5)

' s1e o Y Iy PRI iy L -
and recalling that WJ"({1) — L*(f1j with ¢ <

, we conclude that
n -~ 25

—e {llatllerioy + ful"7F Hloll**} o - wf® (3.5.6)

and this proves the first statement.

To prove the second statement, let us consider two sequences
(b € D{fo) and (ap)m C 87 foltm) such that (u,, ), converges weakly
to u in Wnl"’(ﬂ) and (o, )}, converges strongly to « in H.
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It is suflicient to prove that

fo(v) = o)~ <av—u> (3.5.7)

liminf
i o=l

From (3.5.5), we have
fO(U) 2 fO(um)'l' < Oy U — Uy >+

~ {llaleron + bullumlgafoy +oullEo) il = wmlZo.  (3:58)
By Rellich’s theorem wu,, — u in L9(01) and as in (3.5.2), we have:
liminf fo(um) 2 folu).
L+ o3

So, by letting m — oo in {(3.5.8) and recalling that H — L9(12), (3.5.7) follows.
. 2 .
Now, let us consider thecase p > 2. If2 < ¢ < _ni, by applying Hélder’s
: n— :
inequality to (3.5.4), we have

folv) > folu)+ < ayv—u >+

sl ol o~ (el +hllolEef o=l (359)
Tnstead if u,v € K and ¢ > Z_nz, by (¥), we know that u,v € A (ﬂ)
" —

and v — uf? € L¥~7 Q). So, by applying, again, Hélder’s mequahty to (3.5.4),

we obtain

i

By applying Sobolev’s imbedding theorem to (3.5.9) and (3.5.10), we have

fo(0) > folu)+ < aqv—u>+

] by . +b q“ _ —ull® . {3.5.10
Lra) + il“i . el 2 (m}”” uumﬁi‘i(n} ( )

~e {llawllzroy + lZ oy Ho = elfpsay  (3511)

2n
Thus, if 2 < g < ——, (3.5.11) gives fp € C(0, Q). Instead if ¢ >
n—
u,v € K, it is enough to apply (3.5.1) to (3.5.11).
To prove the second statement, for p > 2, we can proceed as in the previous

1 .
-y since

case, observing that, by (3.5.11), we have

folv) 2 folum)+ < o0 —up > +
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—{Jal Gy ol o~ walaq (35.12)

Then, from {3.5.12) it is easy to get the thesis by Sobolev’s irnbedding theorerm,
2n

L7(11) -+ ”um.l

in the case 2 < g < and by using (3.5.1) if ¢ > p—t
n — - et
az) By Remark 3.2 b) g(z, u)(v — u) is lower semi-integrable.
On the other hand, by Prop. 3.3 b2), and {3.5.3), we have

/ﬂg(:r,, u)(v — u)dz =

:] IDu|"~2 DuD{v — u)dz — lim file+t{v—u)) — fi(u) -

t—0t t -

< / |Duj" 2 DuD{v — u)dr— < a,v —u > .
0

Then we get,

/ g(z,u)(v — u)dz < +o0.
0

aq) it-follows by Prop.3.3 by).
by) Let us consider u € K and a sequence (up)n C WEP(0) N L®(0) such
that uj, — uin H. Let us set vy = (un V 1h1) A (¢2).
Since u), € D(fi) we have up Ath < vy < up V1.
Then v, € D{f1). It is easy to see that -v;; — uinH.
b2) Let us consider u € D(f,), then:
1) 0 <yt <|ulae in? and
2) 0< ¢y < |u]ae infl
Since uw & LY(Y), by 1) and 2) we have 9,5 € L7(N).
By (G.3) and Prop.3.3 a}, it results that G(.,9{), G(-,%5) € L}(1). 0

Now, let us study the properties of f = fo + Iy/.
Since, we can assume &{z,0) =0 a.e. in {1, by (.1) — ($.4), we deduce that
V ={ve H: f, ®(z,v)dz = p} (p # 0}, is a hypersurface of class C% in H.

ReEMARK 3.6
a) Under the assumptions (®.1) — (®.2), we have:

O (u)={An(u): AeR} VueV
where n : I — [T verifies,

< n{u),v >= /m ¢(z,u)vdz Yoe H
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b) lLetu belong toV N K.V and K are tangent at u if and only if there exists
A€ R\{0} such that: < An(u),v—u><0 Vov€ K.

Lel us state a result on the characterization of the condition of nontangency,

recalling that other results can be found in [2], [3] and [12].

TuEOrREM 3.7— Let ® a function verifying ($.1),(®.2), (®.4). Let V,K and
uy be as already defined (see sect.2).
Ifu € KNV, then the following statements are equivalents :

a) H andV are tangent at u ;

b) wo U or
meas({z € 1 : ¢ (z) < u(z) <0}U{z e :0 < u(z) < y(z)}) =0.
By combining Prop.3.5 with Theo.1.5 of [12], we can state

Tuw OREM 3.8— If D{f,) and V are not tangent at any point, under the
assumptions (G.1),(G.2),(®.1) — (©.4) (and (¥) in the case p > 2,9 > nz_nz),
then:
a) [ is lower semicontinuous and of class C(P, Q) where P and (} are suitable
continuous functions on D(f) x D(f) with the topology of H.
b) 07 f{u) =90 folu) + 3" L (u) Vue D(f).
¢} Ifv€ D(f} and a € H, then:
o € 37 f(u) if and only if there exists A € R such that :

/‘; |Dul" "2 DuD(v — u)dz — /n gz, u)(v — u)dz+

+A[¢(z,u)(u—u)d12<a,v—u> .VUED(fO).
0

Finally, we can conclude this section giving the proof of the characterization
theorem.

ProorF of THEO. 3.1.
1y aa) of Prop.3.5, if (u, A) is a solution of (P}, then —Xn{z,u) € 97 fa(u).
Since 87 fo(u) U3~ Iy (u) € 87 f(u), then 0 € 8™ f(u).

Viceversa, if f{u} < +o0o and 0 € 8~ f(u), by b) of Theo.3.8, we have:

0" flu) =8 folu)+ 8" K (u) Vue D(f).

So, by Remark 3.6 a), there exist X € R and a € 8™ fy(u) such that
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= a + An(u). Then, by Prop.3.5 a4), we have

fﬂ | Du*~2DuD(v — u)dz — /; oz, w) (v — u)ds >

> —)\/ ¢(z,u)(v —u)dz Vve K,
a

i.e., (u,A) is a solution of (P). O

1. TOPOLOGICAL R.ESULTS AND
THE PROOKF OF THE MAIN THEOREMS

In this section, we will assume that g and ¢ are odd (with respect to the
variable t), 12 = =%, = 1 and that the assumptions in Theo.3.8 hold.

We want to prove that the functional f, defined in the previous section, has
infinitely many c.ritical points on H, that is, by Theo.3.1, there exist infinitely
rnaﬁy solutions of the problem (P).

To this aim, let us state a theorem linking the category of a space with
the number of critical points of a functional defined on it. Let us recall two

definitions.

DEFINITION 4.1 — Let X be a real Hilbert space, J : X — RU{+o0} an even
lower semicontinuous functional.

We set d*(u,v) = [lu — v||x + |J(u) — J(v)| Vu,v € D(J) and we denote by
D(J)* the ‘metric space (D(J), d*).

Let A € D(J) be a symmetric subset with respect to the origin. Then A is said
to be Z,—categorical in D(J)*, if there exist v € D(J) and a d*—continuous
deformation F : A x [0,1] — D(J) such that

F(A,1) C {u,—u} and F(—v,t) = —F(v,t) Vt€([0,1],Vv € A

DerINITION 4.2— Let A be a symmetric, closed subset of D(J)*. We denote
by Zz-cat(A4; D(J)*) the least integer n such that A can be covered by n closed
symmetric subsets of D(J)*, each of which is Zz—categorical in D(Iy*. I
no such integer n exists, we put Zp-cat(A; D(J)*) = +oo0. We set, also, Z,-
cat(@; D(J)*) = 0, Zy-cat(D(J)*) = Zz-cat(D(J)*; D(J)*).
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TrareoreEM 4.3 — (see (8]} Let X be a real Hilbert space, J: X — R U {+oo}
an even lower semicontinuous functional with a w-monotone subdifferential of
order {wo.

Let us suppose that:

a) J is lower bounded;

b) (P-5). : Ve € J(D(J)), V(up)p € D(8~J) with

lim lgrad™ J(up)||x = 0 and sup J(up) < ¢
h

(upn)n has a subsequence converging (with respect to d*)in X;
¢) Zz-cat(D{J)*) = +oo.
Then, there exists a sequence (cp}n of distinct lower critical values of J

with limyg_, o cp = SUpPp(r) J.

We will apply this theorem to the functional! f and the space H.

Now, let us verify the hypotheses of Theo.4.3.

ProrosiTION 4.4 — f verifies the hypothesis 2) in Theo. 4.3.
Proor. Let us take u € D{fp) NV then, by (G.1), we have

1
folu) = 2 6l = fn Gz, u)dr >

1
> = ||ullt,, ——[a,ozd:c—b wli? o {4.4.1
- p” |WO-P{ﬂ] a ( ) 0” HL {) ( )

From this, since u € K, by {¥) we get

fow) 2 = [ ao(@)dz = el o
where 1’5: max(|¢y], |¥2]) and ¢ depends only on n and {1.

So a) is proved. ) O

PropostTiON 4.5 — [ verifies {P-5), property.

Proor. Let (vm)m 2 sequence in D{8™ f) such that f{v,) < c.
By (4.4.1) and (¥), we get that (v,,)m is a bounded sequence in Wol'p(ﬂ).
Let us still denote by {vy,)m & subsequence weakly converging to v in Wg'p(ﬂ).
By Rellich’s theorein, v, — v in L9{0Q).
Let us set oy, = grad™ f(v,,). Since K; and V are not tangent at »,, we can

apply Remark 3.6 and b) of Theo.3.8. Thus, there exist two sequences
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(M) © R and {7,,),. © 8 fo{v,,) such that:
Am = Y + A1 (V).

Let us recall that n{v.,) — n{v), since n is a compact map.
To prove the thesis, it is enough to prove that:
i) there exists 4 subsequence (vy,,); converging to v in H.
it} (f(vm;)); converges to f(v).
Let us start with i).

In the case n < p < 2, the statement follows by compactness of
i WhP() < I

Now, lel. us suppose p > 2,

There exists a subsequence (fymj)j strongly convergent in .

Indeed, by (2], since K, and V are not tangent in v, there exist wy and wy

belonging to K such that:

0 < < n{v),w; —v>= /ﬂ ¢(z,v)(wy —v) =

fiL— OO

= lim /an)(az,vm)(wl—vm) (4.5.1)

and

0> < nlv),wy -v>= [d):cu) wo — v} =

= Hm ¢(z, v ) {(wg — vm). (4.5.2)
fri— o0 n
By (4.5.1) and (4.5.2) there exist € > 0 and mg € N such that
<), Wa — U > < —€ < €< < Nty ), W1 — Uy > Ym > my.
Moreover, since ¥, € 8~ fo(vyn), by b) of Prop.3.3 and by Prop.3.5, we have:

fO(wi) 2 fO(Um)+ < Ym,W1 — Um > +

} l|we — Um“%v;-v(n)-

Then, < ., w| — v,, > is upper bounded.

Since r,,, — 0 and

< Oy W~ Uy P=< Y,y W = Uy > +FA < {Um ), W1 — U >,
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we oblain that (A,,),, is lower bounded.
Analogously, we obtain that < 7, w2 — vy, > is upper bounded.
Thus, {(A,.)m is bounded and there exists a subsequence (A, ,); converging in

R. So, the sequence {7y, };, with v, = o, — Amjn(vmj), converges in H.

Now, to prove i) let us suppose that Ym,; —+ ¥ in H.
Since Y, € 87 fo(tm,), by a4) of Prop.3.5, we have:

< Yoy U Uy >§[ |Dvmj[”'zDumjD(v—vmj)dz—f 9(z,vm, ) (v —vm;)dz.
0 ‘

7 , (4.5.3)

Moreover, since <, — v in H and vy, — v weakly in Wol'p(ﬂ), by az) of

Prop. 3.5, v € 87 fo(v) and, again by ay) of Prop.3.5, we have
<A U, — ¥ < / |Dv|P~2 Dy D(vm,; — v)dz—] 9(z,v) (v, —v)dz. (4.5.4)
a a
By adding (4.5.3) and {4.5.4), we have:

< ’)’m,' - ’)’,‘Umj —-u > +'/;] [g(z,vmj) - g(I,U)] (vmj - U)dI 2

> f [1 D0, [P Do, — | D[P~2 Do] D(vm, — v)dz. (4.5.5)
{1 '

Let us point out that the first member in {4.5.5) tends to 0 for y — co. Since
(vyn,); converges weakly to v in Wol"’(ﬂ), to conclude the proof of 1, it is

sufficient to prove that :
[f; “Dvmj-|"“2Dvm}. — |Dv|””2Dv] D(vy,, —v)dz >
|p

> [, lwgergay = [0 lwger e (4.5.6)

By Cauchy-Schwarz’s inequality on R™ and by Hélder’s inequality, we have :
/ [|Dv,nj.|"_21)vmj - vaI""zDv] D(vym, —v)dz =
0
2 110 | L) = 1DVm P70 Lo ey 1 1D0] fr () +
=12l | ay [P lizeay + || DY (1T =

= (I iits oy = 198steqay ) (Wom By = ollwgoq ) - (45.7)

Fhen, {(1.5.6) follows by (4.5.7) and by the following real inequality :

(Je)P 2t — [sfP2s) (t—s) > |t —s|°, Vs, t€R,p>2. (4.5.8)
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Because of homogeneity, to prove (4.5.8) we can consider the case s =1,

[t] < 1 and it is sufficient to study the real function:

(I 2t~ (e ~1)
|t 1]

h(t) = —1<t<l.

Now let us prove ii}. By a) of Theo.3.8, we have:
J0) 2 F(omg) < gy = Dy > — [P, Wty |+ Q0 vy oy = ol

where P and @ are suitable continuous real functions on D{f) x D(f). Thus,
it results limsup;_, o, f(vm;) < f(v). By the lower semicontinuity of f, the

thesis is completely proved. O

Refore dealing with the Z-category of K, NV, let us state the following

lemma.

LEMMA 4.6 — Let {1 be a bounded open subset of R™*. Then Vm € IN there
exist wy,ws,..wm € W3'P(Q) (p > 1) such that if Yty cjt; = 0 ae ina
subset of (1 with strictly positive measure, with ¢{,cz,...c,, € R,
then cy,cg,...cpp = 0.

PROOF. - Let R > 0 be such that 1 C B(0, R) and let us fix m € IN. Let

us consider uy, usg,...u,, such that :

u; € Wy'?(B(0, R))
—Auy; = A;u; on B(0, R)

Then w; € Whri)nc(@l) ¥p2> 1.

Now, let us take § € C°°{R") such that: 1 — {z € R™: 8(z) > 0}, and let us
set wy = Quy.

Then w; € W12(2) N C(7) and w; = 0 on 811 So, w; € W3(Q).

Now, by definition of wy, if 3577, ¢;w;(z) = 0 ae. in B C (1 with

meas(E) > 0, then 3 7L, c;u;(x) =0ae. in ECQC B(0,R).

Moreover every u; is analytic in B(0, R), thus we have

€f = Cg... = ¢,, = 0. B
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PROPOSITION 4.7 — f verifies the assumption c} in Theo. 4.3, Le.
Za-cat(D(f)*) = +c0.
Proor. - Let W be the linear manifold generated by the functions
wy, .., € Wi'((1) of Lemma 4.6. Let us set §' = V NW. Let us point out
that §' C WP (Q) N L™ (1),
Since, by hypotheses (@), (#2),{®4), V is radially homeomorphic to
{ve W) : [lu]| = 1}, we have:

m < Zy-cat(S', Wy P (1) \{0}).
Now, let us define the map
Fy: 8" x [0,1] — W P(0) N L= ()\{0}
in such way:
Ai,t) =1 -t)-w) +{uv(-w))rw-(1-t(v+w)

where w € K, is such that w > 0 and

p</¢(z,w)dr< supf@(z,v)dr.
It UEKg 0

It is easy to see that F;(v,0) = v, Fi(v,1) € K, and

fnc@(z,ﬁg(u,n)dzgf 8(z,v) dz = p.

n

Also, let us consider the map F» : {K,;\{0}) x [0,1] — K,\{0} defined by

Fa(w,t) = ((litv) /\w) v (~w).

By lemnma 4.6, we have:

lim | ®(z, Fa(v, 8)) dz — ] S(z,w)dz > p Vo e F(S'1).
t—1- Jn e}
Since F3(S’,1) is compact, there exists £ €]0, 1j such that
f 0(z, 1(0, D) de = p Vo € Fy (S, 1),
a

By hypothesis {&¢), (P2), (4) we can defline the map

P Wyt (@)\{0} - Wy ()\{0}
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in the folowing way:

P(v) = r(v)v
where 71 ! Wol'p(ﬂ)\{(}} — Rt is continuous and fn ®(x, P(v))dz = p Vv # 0.
Let us point out that Vv # 0 with fn ®(z,v) dzx > p, we have r(v) < 1.

Finally, we are able to consider the deformation map
F: 8 x[0,1+7 — WoP(Q) n L= (7)\{0}

defined as
Fy(v,t) ve S, telo0,1]
P(F(Fi(v,1),t—1)) ve S, tell,1+1].

Flu,t) = {

We have F(v,0) = v, and F(v,1+1) & Wol‘p(ﬂ) NnL>(0)nV.

Moreover, F is odd in the first variable: F{v,t) = —F({—v,1).

Let us observe that F is continuous when 5’ and the codomain are equipped
with the W, " (f1)-topology.

Thus

m < Zg-cat(5', Wy P (Q\{0}) < Zo-cat(F(S',1+1), WP ()\{0}) <

< Zp-cat(F(S',1+ 1), D(f)).

It is easy to see that I is also continuous when the topology considered is that
one induced by the metric d*.

Then
m < Zg-cat(F(S',1+1),D(f)) < Zz-cat(F(S',1+ ), D{f)*) <

< Za-eat(D(£)").

Finally, we can prove the main theorems.

Proor of THEO. 2.2,

By Theo 3.1, it is eriough to prove that there exists « € K; NV such that
0 € 37 f(u). Let us observe that since f is lower bounded and, by Prop.4.5
satisfies {P-8),., there exists u K, NV such that u is a minimal f)oinf. for f
and thus 0 € 87 f(u). o
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Proor of THro. 2.3.

By Prop. 4.4, 4.5 and 4.7, we can use Theo. 4.3 to obtain that there exists
a sequernce (uk)k € K,NV such that 1, and —u are lower critical points of f.

Then, by Theo. 3.1, there exists a real sequence {Ag), such that (ug, Ax)
and (—uy, Ax) are solutions of the problem (P).

Thus, it remains to prove that
inf{A\x: k€ N} = —oo0. (2.3.1)
To prove this, let us observe that, if (u, A} is a solution of (P), then:
i |Dul"dz - .[n g(z,u)udz + Aj; #(x, v)udz < 0.

Now, using this inequality and the assumption (G.2), by definition of f, it easy
to see that (2.3.1) follows by

sup{f(v) : v € K, N V} = +oo. (2.3.2)

To prove (2.3.2), let us take w € K, NV such that:

w >0, / & (z, w)dz > p and / &(z,tw)dz < p,
0 )

for some t € (0,1) and let w’ € L= ()\Wy'?(() with tw < v’ < w.
<

Let us consider a sequence (w;); C W3'"(0?) with tw < w; < w and

w; — w' a.e in{l. Since, lim; .co |lwj|lwzr(ny = +oo, for some sequence
t; € [0,1] with tjw; € K, NV we get

lim Htjwj”‘wg-"(n) = +o0.
J—roo

From this, (2.3.2) follows. D
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PERTURBAZION! SINGOLAR! PER EQUAZION!
QUASS ELLITTICHE IN tF

Nota di Ornella FIODO e Salvatore GIUGA (a Napoli) (x) (%)
Presentata dal socic GUIDO TROMBETTI
Adunanza del 2 febbraio 1991

Riassunto - In queste lavoro si considera nel
semispazio e nell’lambito Lun problema di perturba—
zioni singolari per eguazioni quasi ellittiche con con-—
dizioni al bordo di Dirichlet e si studiano le proprieta

di convergenza delle soluzioni.

Abstract — In this paper we consider in the half-
space and in L® a problem of quasi elliptic singular
perturbations with Dirichlet boundary conditions and

we study the convergence of the solutions.

In [8] O. FIODO (cfr. anche [7]), nella linea di D.
HUET (cfr. [10]), ha considerato una classe di perturbazioni
singolari per operatori quasi ellittici di g-ordine m, d

coefficienti variabili, del tipo:
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e Alx,DYu +u=Ffc in Ry (e>0
B DR Ol Gy,

ed ha dimostrato che, se fe—f per e—0 in L2R}) allora
ue—f in L%RL); se inoltre avviene, per qualche s>0, che
Ffe—f in H;S(}f;(Ri), allora ue—F in H;Sfc(Ri).

In questo lavoro dimostriamo che, relativamente al

problema di Dirichlet, tali risultati continuano a sussistere
anche in ambiente LY con pENl,+eol. Come in [8], il pro-—
blema & inquadrato nell’ambito degli operatori dipendenti da
paremetro studiati, nel caso ellittico, da AGRANOVICH -
VISHIK in ambiente L° (cfr.[1]), da A. ALVINO e G.
TROMBETTI! in ambiente LY (cfr.2D e da E. GIARRUSSO
(cfr. [9]) nel caso di operatori quasi ellittici.
Nello studio della convergenza della soluzione ue in LU(R})
abbiamo utilizzato i procedimenti di [8]; invece, in quello
della convergenza di uc in Hf(;i(Ri), siamo ricorsi ad un
artificio di tipo pseudodifferenziale (cfr. Prop. 3.3), il
quale, tra Paltro, ci ha consentito di ottenere risultati che
sono piu generali di quelli di [8] anche nel caso p=2; cio nel
senso di una minore regolarita richiesta ai coefficienti della
parte principale dell’operatore A(x,D).

[l lavoro si articola in 4 paragrafi. Nel §1 si introducono
gli spazi H® e B°%e si richiamano alcune loro proprieta;
nel §2 si studia il problema di perturbazioni singolari in
Lp(Ri); nel §3 si stabiliscono alcune formule di maggiora —
zione per gli operatori di convoluzione relativi a derivate
di ordine non intero; infine nel §4 si dimostra il teorema

‘sulla convergenza della soluzione ue negli spazi Hfgi(Ri).
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'§1 Preliminari— Siano: R", lo spazio euclideo 2 n di—

mensioni di punto T =(x, ,@a)=(x',%r); R« il duale di R", di
punto §£=(£, -£,)=(£"£,); R} il semispazio {xER": z>0}.
Se o ¢ un multiindice di N* , poniamo:

oy

D*=Dg' D%, Day=ia; (i=+-1
S PR L > =2 A €T

Indicheremo con F e Flrigpettivamente la trasformata e

l’ant‘itr'asformata di Fourier :

Fw(s)=j exp(-i<w,£ > )plz)dy YipeS(R™),
RTl
F-locx)=2n)™" Jexp(i<x,£>)tp(E)dE Y ES(Ra).
Ry
dove S(R") e S(R,) sono gli spazi delle funzioni a decre-—

scenza rapida, rispettivamente in = e in £.
—Gli spazi HP(R™) e HYF(2) — Sia (myy-,ma) una
ni-pla di interi positivi; poniamo:
n
m—magm, g;=la YiE(;om),  <eg>=Xa;
-1

e introdotta in K., la funzione :

1/2m

A =[1 +:EI£§”‘~*} ,

per ogni p>1, >0, denctiamo con HYP(R™ 1o spazio delle
distribuzioni temperate tali che F/AS(E)Fu&LP(R™), munito

della norma:
Mul.p =] FASOFu], ,.

E evidente che S(R™ ) & denso in H F(R"); inoltre posto:
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si=g vjie{l, ,n}

si dimostra che:

1.1—Per ogni s>0 lo- spazio H HRY risulta
isomorfo algebricamente e topologicamente allo spazio
delle weLF(R™) tali che:

-1 25472 Prpn ;
F71+4¢)) 7 Fuel(RM  Vjell, ,n}

¢! +£j)sj/2Fu

n
munito della norma: Zl .
J=0 0%

Sia ora 2 un aperto di R”. Per ogni p€Jl,4ool, s>0,
denotiamo con H F(£2) lo spazio delle distribuzioni uw su 2
che sono restrizioni a §2 di elementi U di HP(R™); esso ¢

munito della norma:

w2l = dof_ MWle . UeHTHRD.

Per uno studio dettagliate di tali spazi rimandiamo a [17}
(caso isotropo) e a [12] (caso anisotropo); qui ci limitiamo a
richiamare le proprieta che verranno utilizzate in gquesta

nota.
1.2—C2(2) & denso in HF(R) per s>0.

1.3— Se 0<s,<s, risulta H 2 (2)CH "), con

immersione continua.

1.4-—-Se weH P(£2), allora per ogni multiindice o tale

che <o,g><s, loperatore di derivazione D%e continuo:
Hs,p(g) . Hs-(u.q),p(g)

1.5—Se £27C8, abbiamo: HSFQ2)CH™PWU2'), con im —

mersione continua.

36




—Gli spazi BYP(R"™)— Per n =2, denotato con 4,, ,

t€R, l'operatore:

dj,tf(a:) = f(xla"‘:mj""ts"‘axn)_ f(mli"')wn)!

indichiamo con B7®(R™™Y, s>0 p>1, (cfr. 5], [13] e [16])
lo spazio delle distribuzioni »€LP(R™Y) tali che,
Vie{l, yn—1):

+oo
ISj,p(u)ﬂ.[ t—[r+p(srs§)3dtj ‘A;iDi‘zulpdm’ < 4o

Q rR—1

dove sj & il piu grande intero minore di sy, e k; ¢ uguale: a

1 se 8;&N, a 2 se 8;CEN; poniamo inoltre:

-1 1/p
el o nony = Do = Wl p s, + ST 7

Se, per ogni wECF(RY), indichiamo con You la traccia di u

sull’iperpiano x»=0 abbiamo:

1.6—Siano p>1 e s,>1/p. Se k-1 ¢ il massimo

intero non negativo minore di sn—1/p, UVapplicazione:
k—1
w€CHRS) — (Yo YoDu,ur - YoDswE| JCTR™,
R0
si prolunga in un operatore lineare e continuo:

sopny . T eS8
H™ (R~ [ ]B (R™).

he=0
Inoltre se:

= s-ffwéiqmp .
(goj' N "gk"l} e HB (R )1
h=0
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Ve>0 esiste almeno una distribuzione we€H T(R}) tale

che YoDb we=g, ¥ h=0,1,-- k-1 e risultc:

(1.1) fwe, R, 4-e® |we Rilsn

(h+1/p}qn

]

k—1
<¢ ¥ (e [g1o, +€ [g,]

1
s—(h+5)qn.p

con C costante indipendente da € e (gg - gp-1-
— Gl§ spazi Mg — Per ogni j&{l,,n}, denotiamo con

MSJ lo spazio delle funzioni PEL™(R") per le quali risulta:

[s;2
11, =§[||Dijw||w+jltl

R

—(Ojff)

A Jlthjwumdt]<+oo :

dove [sj] é il piu grande intero non superiore a §; €

o,;=s;— [s,;}; poniamo inoltre (cfr. [3] e [9D):

n

Me=1 M,

con la norma:

[#lhrs =S,

E utile, per il seguito, osservare che Co(RMHCM,, Vs>0.

Sussiste la proposizione (cfr [9]:

1.7—Per ogni 8>0, YEMs, e uCHP(2) si ha:
low, 2 Yoo <Cl#l s 2 Jorr
con C costante indipendente da u.
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§2 —Perturbazioni singolari— Sia n>2. Consideriamo

in R} l'operatore:

Ax,D)=3"  a.lz)D%
<aygr<m

e la famiglia di parametro ¢>0:

Aclz,D)=€e" A{x,D)+1.

Posto:
Aola,D)=3"  a.(z)D%,

Couyq 2 ~m

supponiamo verificate le seguenti ipotesi:

(1) i coefficienti aq(x) di A(z,D) sono di classe

M gim-ca.gs, CON 820, fissato;

(2) 1 coefficienti di Au(x,D) sono continui e convergentd

ali’oco;
(3) per ogni z€R] risulta:
Ag(x,£) #0 VEERL—{0}, Ao(2,8) 41540 VEERa;

(4) per ogni £'€R__. —{0} & costante i numero v delle
radici con parte immaginaria positiva dell’eguazione
in 7: A0,8,1)=0 (TEC).

Dall'ultima ipotesi segue che Vz/ER™ U{x} e Ve’ =0
(risp.Vt’), le radici con parte immaginaria positiva
dell’equazione:
Ao((x,0),¢",7)=0  (risp. 4q((z’,0),£',7)+1=0)
SON0 ancora /.
Cio posto, consideriamo il seguente problema di

perturbazioni singolari:
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A, D)u, = fe
(2.1) ; ,
VoDt =g5 h=0,-v—1

dove supponiamo che, Ve >0, risulti:

(2.2) f.eH"(R2)

(2.3) g epstmhr1/panp(Rr Yy YRE(O,, 1},

Tale problema si inquadra nell’ambito dei problemi
dipendenti da -un parametro studiati in [9], assumendo A=1/¢

con €€]0,00[. Dai risultati di tale nota si irae che:

2.1 — Nelle ipotesi (1), (2), (3), per ogni s>0 esiste un
numero positivo ¢y tale che, Ve<es il problema (2.1)
ammetie un’unica soluzione ueEIJS+m'p(R”+); per essa st

has
2.4) ey, +e“mnuaué’+m.pSC{IIfJI;*.p+eS||fel!:.'.p+

.
(h+1/plqn +
hEO["E {[gf)]}o,p +¢* m[{ggf)]}sdvm-qn(h-*.? s ehp ]}

dove C e indipendente da ¢, e dipende esclusivamente

da s e dai coef ficienti dell’operatore Al(x,D).

Dimostriamo ora il seguente:

TEOREMA 2.2 — Nelle ipotesi (1), (2), (3), e se inoltre:

: tim o=l =0
-1

‘e . (h+1-plgn M (e o

i) Ell_r.no hEO[E ﬂg(ne)]]o.p +e gy mmgnlh+1/p)p ]"‘O’
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risulta anche:

29 b, e =0
(2-6) h.ino em"ua"m_p=0

'Dim. Ve<e, sia we un rilevamento di (gfd--.g%) in
Hm’p(Ri) verificante la (1.1) {osserviamo in proposito che
per lipotesi (3) risulta v<m, e quindi v—1<m,—1/p).

Evidentemente dall’ipotesi ii) discende che:

lim [JWe fo.p =0

£ —0
posto allora ve =u,—w,, la (2.5) e equivalente a:
(2.7) - lim foe—f o, =0

d’altra parte v. e soluzione del problema:

2.8) {Ae(x-,Dlve ~ 4.
70(Dwnve_) =0, h io,. g ld — 1

per cui, non essendo restrittivo supporre feCF(RL), v.—f

é soluzione del! problema:

(2.9) {Ae(x’D)(ve —fl=fe—f —emA(x,D)f

VoD v — f)) =0, h=0,-,v—1

dalla proposizione 2.1 con s=0 traiamo alloras che:
(2.10) Nve 1 oo <CUF e —F o, +€"| 4L, DI | ).
con C indipendente da €. Per 1) la (2.10) implica la (2.7) e

quindi la (2.5). Poiché la (2.6) & conseguenza diretta della

(2.5), la tesi & provata,
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§3 Alcuni operatori di convoluzione. —Ricordiamo

che una distribuzione €S’ (R») si dice un moltiplicatore

di Fourier in LF se risulta:
|F2oFul, , <Cllul,, VuES(R™

con C indipendente da u.
Sussiste il seguente Teorma di MIHILIN (cfr.[11], [17]):

3.1 —Condizione sufficiente perche 0(¢) sia un
moltiplicatore di Fourier ¢ che esista una costante

k>0 tale che per ogni o=(ct, -ot,) con o,;€{0,1} si abbia:
le*|D>0(e)| < K.

Introduciamo ora, per s>0 e VJj€{l,-,n}, le seguenti

distribuzioni temperate:

(3.1) U= F (43 oY)

o, equivalentemente:

(2 w@=F [0+ TR ) @,

dove x‘iz(«-—mJ_I,:lcj,“.--')ER”'J e & denota il prodotto
tensoriale tra distribuzioni.

Dimostriamo che:

3.2—Per ogni weHP(R™ (s>0) sono equivalenti le

norme:

“u"s.p’ E

(Dye
2w, Ao,
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Dim. Sia u€S{R™)

sono, per il

. Osserviamo dapprima che le funzioni:

Fourier; pertanto abbiamo:

(3.3)

(1+s")3~*’?
%(5) E n
=1 1_{_2 1—|—E /2 [sJJ
J=1
1 2 OJ/Q fSJJ
w‘;(s)z( j_sj) fj/g . jE{l;sn}
1
2( +E,
Teorema di Mihilin, dei moltiplicatori
" E —I_Ej s-J/2 _
o.p
"F o6+ 31 +6)7
o.p

<Ci[lelly p +

gcz[j}ijz

Inoltre, VJje&(l,

3.4

"F"zbj(E)E 14€9)

<C»

uPu] |67

Fd;(l _'_Ef)aj/zsfsﬂ

o.p

o HIlo )

uiwu ||

.-4n}, risulta:

2 L'SJ

.

sj/z

Q,p

sj/2

F- Z(1+E)

o,.p
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con C, e C, costanti positive indipendenti da . Dalle (3.3)

e (3.4) e dalla proposizione di isomorfismo 1.1 si trae

I’asserto.

Se ora A e B sono due operatori, denotiamo con [A,B] il

D)
commutatore AB—B4, Indichiamo poi con ug, l'operatore:

(3.5) ,u.if. u(:c)EC'E"(R”)—»ugJ) u(ac)-luf,f* w(a)

= <udulz—y)>.
dove <,> denota la dualita tra CT(R") e D(R").

Cio posto, dimostriamo che:
3.3—Sia s>0 e ¥ una funzione continua in R", a

supporto compatto e appartenente a M, Allora esiste

0<s’ <s, uguale a 0 per s€l0.l, tale che:

El‘wu?j “ <Cloll el ,  Yu€H T(RY,
0,p s.pP

dove C & una costante indipendente da u e da P.

Dim, Proviamo dapprima l'ssserto per n=1. Sia ucC{(R) e
supponiamo, in primo luogo, s€I0,1{. Poiche in tal caso
CZ(R) & denso in MNCP(R) , & lecito supporre YECT(R) .

Cio premesso, ricordando la (3.5) e tenendo conto dell’ipotesi

su S, abbiamo:

[0, 10 o) = < (), (@) — bl —pulz —u) >
=< F_us(y), F1{(@) —plz —yulz—y)>
Yy € Yy E

= <(1+€3)7, F1 {(:D(os) — il —yhulx —y)] >
vyt
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Essendo:

- . -1 [} =¥l —y))
B 0@ —v@—yhu@—y)) =D F1 (=@ —y)

otteniamo:

(W) — Pz —y))
v

[usfuz) = —s5 <e(1 +£227, f-fq[ w(z—y)|>

w(x —y)>.

s+1 3
—_ -1 2755 (Plx) —P(z —y))
s<Fiig(14€% 772, v
D’ altra parte, poiché s€J0,1[, si ha (cfr. [6] pag. 69):
s+l 3 (1=-5)

EE:; ¢1+€)2 2 = Cs (sgn Yy TK{Sd\-Ij/Q ¢ yl)

dove Ko € la funzione di Bessel modificata di parametro o e
Cs @ una costante assoluta. Inoltre risulta (cfr. [14] pag.
270, (c)):

Kt’s+1}/2 (|y|) = |y|"(5+1)/2 &Y h(lyh

con h(y) funzione a crescenza lenta. Ne segue che:

[ Youshulz)=-5Cs I e_lylh(ly]) (w(”)aﬁ(ﬁ _y))u(a:-y}dy

R

da cui, per la diseguaglianza generalizzata di Minkowski

(cfr.[15]}, segue :
(3.6) [sssfitfoe <ClWhy, Ilop — s<t

‘e quindi P’asserto per s<1.
Sia, ora, s>1 e YEMsNCL(R); con qualche calcolo si prova
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che:

uskulx) =(-1)Tu__  xDiSTu(x);
abbiamo allora: 7
DI pofule) = ($l)itg_gyg *DE U —ts—rsp% DS (P ()

[5])—k

& [S]
Z[w’ﬂsﬁ[s] ]Dgﬂ ]'U, _JusW[s]* E[is‘?]Dicuwa ’U-(SC);
k=1
da 3.2 traiamo allora:

b, ,

[s]

IO'P +?r_2!.

[s]-k

DDz u(z)

s-[s]P ‘]

<C{|[Btts—s1 105w

Denotato al solito con s* il massimo intero minore di s da

1.4 e 1.7 si ha:

[s)—*x

DEyDz""u(x)

(=]
E s=[s]P SC"w"MS"u"S* pv
k=1 ,

e per la (3.6):
[t DEM],,, <Clpli e,

da cui ’asserto ponendo s'=s™, per n=1.

Supponiamo ora n>2. Applicando il risultato precedente

alla funzione di una variabile u(- ,z%) si ha:

[[pss6 Tt = " <cppluc @ [, vietm
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con C costante indipendente da wu. Integrando rispetto a 7

abbiamo:

" [ i‘;)]u

posto allora s’=m(1%: @S, da 1.1 si trae l'asserto.
Siano £2/C C$2 aperti limitati di Rf{. e sia pECT($2)

S*
< C "F"’(1+5JQ) I Fu|,

Vie{l,n}

0

uguale a 1 in £2, Consideriamo 'operatore:
wg): wECTEDND(RY) - pla)(pl)*plxhu) eCH(RY).
Poiche, in virtu delle proposizioni 1.7 e 3.2 risulta:

Jecwepun@l, <

u‘sﬂ)*sou"t’p

LCNPU)gsp <C| a2, 0
abbiamo che:
3.4— Per ogni s>0 e t>0 Uoperatore w(sjj)si prolunga

in un operatore lineare e continuo:
s+t.p NPT Ste on
H W2IND(RY) — H (R}

dove }Oft'p(Ri) denota il completamento di CZ(R]) rispetto
alla norma di H F(R™).
Dalle proposizioni 3.2 e 3.3 deduciame che:

3.5— Per ogni s>0 e per ogni weH P(E2ND'(RL)
" esiste un numero non negative s <s, uguale a 0 se

s<1, tale che:

o2 le <l + £, )
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O essendo indipendente da u.

Dim. Dalla proposizione 3.2 si deduce che:

,u%’*()(u) "o.p]'

[0, fo.r <Pxels0 <ClI0 o0 + 2

dove XECZ(£2) & uguale a 1 in £2’. Cio posto, se supponiamo
che x sia tale che la funzione ¢(x) sia uguale a ! sul

supporto di ¥, abbiamo:

B w0 = O =X () * (o)) s x (o) =
XS WS (o).

Per le proposizioni 1.7 e 3.3 abbiamo che esiste un 8’0 ¢

minore di s tale che:. .

uo, <fwtul, + leul, -

Cio prova l’asserto.

Utilizzando la proposizione 3.3 si prova che:

3.6 —Sia s>0 e ¥ una fuzione continua appartenente
a M. Allora esiste 0<s’<s, uguale a zero se s€loli,

tale che:
“[ swg’)]u“ gC"u,Q" fp VwEMss quH&P(Q), VJ E{l’ln}!
o.p S,

con C costante indipendente da u.

Piu generalmente se o & un multiindice tale che

<o,g > <8, esiste un s'<s, tale che:

oot uf, <chucl vueH .

s rea,grp
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§4 —Perturbazioni singolari negli spazi H*P(2). Sia

2 un aperto limitato di R" e sia PECF(RE) una funzione

uguale a 1 su §2. Dimostriamo che;

4.1 — Nelle stesse ipotesi della proposizione 2.1 con
s=0 e se inolire per i coefficienti dell’'operatore Alz,D)
risulta:

YA EMgimcargs 50

allora si ha:

FCHTP(E2) = u eHT™P(021), v'C 8.

Dim. Supponiamo ‘inizialmente s<d= min m—<o,qg >, Sia
T AT

o €52"; consideriamo 'operatore:
A’ (2, D) =Yz Alx,D) ~ Ap4,D)) + Ao(o,D).

Se loscillazione dei coefficienti della parte principale A,
dell’operatore 4 su 2 ¢ sufficientemente piccola (come non
¢ restrittivo supporre), 4%(z,D) verifica le ipotesi (1), (2), (3)
del §2. Detta poi X(x)ECF(£2) una funzione uguale a 1 su 2/,

abbiamo che:
AU, D))= (€™ A(%,D)+D{xu.) ==
XS e+ Alx, D)X [(ue) =he.

Se f.€H®(2), abbiamo che XfEH®P(RY); poiche risulta

XuQEHm'p(Ri), dalla proposizione 1.4 segue anche che:
[A(z,D),xJ(w) € HP(RY) CH (R}).

Abbiamo dungue h.€H F(2). e quindi, per la propesizione

2.1, quEH”m'p(Q). L'asserto & cosi provato per s<d. La
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dimostrazione si completa ragionando per induzione su s.

Possiamo ora dimostrare il:

TEOREMA 4.2 — Nelle- stesse ipotesi della proposi—

zione 4.1 e se inoltre risulta:
(4-1) igmollf "‘ffugnn.p 20

allora, per ogni §2C CL2, si ha :

(4.2) lim Jf —ue,2’[op =0

(4.3) 13§Oem||ug,9'|{9+m_p=o.

Dim. Supponiamo preliminarmente s<min{l,d}. Sia ¢ Ila
funzione introdotta nel §3. Dalla proposizione 4.1 segue che
u €H™SP(£2") con 2 contenente il supporto di ; dalla

Q.
proposizione 3.4 segue allora che wgﬂ)ugeH"""(Ri).

Possiamo pertanto considerare Ae(a:,D)(wgﬂ)ue). Abbiamo:

(4 '4) “AQ(m,D)(w(S‘z)ue) —_-wg“g)fe _Fem[Aswg‘y]ue =l<{, .

FPer le ipotesi poste e per la proposizione 3.4 risulta
wg’;,fe —»w(sjj)f in L¥(R%), per €—0; inolire per la proposizione

3.6, nel caso s€J0,1{ risulta:

(4.5) “ [Ao,w‘sﬂua

gcnu‘-’Rium.p"
0P
dalle proposizioni 1.4 e 3.4 traiamo invece:

(4.6) “[A — Aoy e

.o SC" ue Ry ||m—d+3.p"
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da (4.4), (4.5) e (4.6), nonche dalla proposizione 3.4 si deduce

che:
lim l=wPF in LP(RY);

Da ci0 segue che la funzione wi/u. ¢ soluzione del
problema di perturbazioni singolari (2.1) con l. al posto di
fo e dati al bordo nulli. Applicando allora il Teorema 2.2
otteniamo:

Etﬁowgi)(f —e)==0 in LP(RL),

e quindi, per la proposizione 3.5 con s8<1 , nonche il
Teorema 2.2, si giunge alle (4.2) e (4.3). La dimostrazione si

completa poi ragionando per induzione su s.
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UNA BREVE NOTA SUL MONTANTE STOCASTICO

Nota di Maria Rosaria Simonelli
Presentata dal Socio Guido Trombetti
Adunanza del 2/3/91

Riassunto. E' noto in letteratura il montante a due tassi di interesse. Qui se ne

vuole dare una versione stocastica.

Parole Chiavi: Semimartingale, montante a due intensitd d'interesse.

§1. Presentazione. In una descrizione deterministica un progetto
finanziario pud essere definito da tre funzioni reali integrabilik, r e
G con l'intesa che:

k(t) rappresenti il valore all'istante t dell'intensitd d'interesse sui
capitali presi a prestito; '

r(t) rappresenti il valore all'istante t dell'intensitd d'interesse sut
capitali investiti;

G(t) siala "cumulata di cassa” all'istante t ottenuta sulla base dei soli
versamenti e prelievi (flussi di cassa) effettuati nell'intervallo
temporale [0,t] senza tener conto degli interessi maturati nel medesimo
intervallo.

Si supporrd naturalmente che le funzioni k,r siano positive.
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La valutazione del progetto si effettua tramite il montante. Nel
presente lavoro si definisce e si estende al caso stocastico 'equazione
integrale

(6) SH=G()+E S*(s) k(s) ds -J§ S-(s) () ds '7

la quale generalizza, al caso continuo e per cumulate di cassa anche
non assolutamente continue, l'equazione che definisce il montante a
due tassi descritto, nel caso discreto, nel lavoro di Teichroew
D.-Robichek A.A.- Montalbano M. {6]. Per questa ragione S(t) &
chiamato montante di tipo TRM. Quest'equazione.esprime il montante
al tempo t di un'operazione finanziaria caratterizzata dalla cumulata di
cassa G(t) e dalle intensita d'interesse di finanziamento k(t) e di
investimento r(t). Le funzioni k(t), r(t) sono soluzioni di due equazioni
differenziali che descrivono le condizioni del mercato finanziario.

La (6) si estende al caso alecatorio sostituendo le due intensita di
interesse r(t), k(t) con due processi stocastici di interessi di
finanziamento x e d'investimento y del tipo di Omstein-Uhlenbeck.

§2. Descrizione del mercato finanziario. 1 valori k(t), r(t) delle
intensitad di interesse k ed r (di mercato) possono essere "previsti”
risolvendo le due equazioni differenziali:

dk(w)=0,; (y; -k(w)) du, o>0, v >0,

(D
dr(u):az (/Yz'r(u)) dLl, 0(.2>0 . ’Yz >0.

Le costanti vy, y, (positive) rappresentano le intensitd di interesse
normale di lungo periodo di finanziamento ed investimento e le
costanti o, O, le rapidita di aggiustamento delle intensit2 d'interesse
k(t), r(t) alle intensitd d'interesse normali di lungo periodo v, ¥,
vanno valutate a partire da osservaziont su progetii finanziari divisi in
classi omogenee per importi e durata (cfr.[2] p. 236). Siano k(0), r(0)
i valori osservati delle intensitd d'interesse k(-) ed r(-) all'istante
iniziale; allora dalle (1) segue
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k(t) = v, + (k(0) -7 ) e,
1) =, + (1{0) - v2 ) €02,

Per tener conto della aleatorieta del mercato finanziario
sostituiamo le funzioni deterministiche k,r con due processi stocastict
X,y Su uno spazio probabilizzato (Q,0,P) sul quale sia dato un processo
di Wiener W, che pensiamo come soluzioni di due equazioni
differenziali stocastiche ottenute introducendo un termine aleatorio di
disturbo nelle equazioni (1). Pertanto adottiamo i1 modello di Vasicek
(cfr.[7] e [2] p.267) per i processi stocastici delle intensita d'interesse
di finanziamento X e di investimento y:

dx(t) = o (y-x(1)) dt + ¢, dW, x(0)=k((),

2
dy(t) = 0, (o-y(1) dt + 6, AW, y(0)=r(0),

dove ,>0,1=1,2 e le costanti

Oy, Ca, Y1, Y2, k(0), r(0)

sono uguali alle costanti usate nel caso deterministico nelle equazioni
differenziali (1). Le costanti v,, ¥,. sono le intensita di interesse
normale di finanziamento e di investimento di lungo periodo; le o
sono le rapidita di aggiustamento delle intensitd medie E[x(t)]=k(t),
Ely(t)]=r(t) alle intensita d'interesse normale di lungo periodo v,

Y2)-
Se si pone nelle (2)

X(O=(x()- 1), Y(t)=(y(D)- ¥2)
esse diventano
dX(O)=-o, X dt + 6, dW,  X(0)=(k(0)- v,

3
&) dY(t)=-0,Y dt + ¢, dW, Y (0)=((0)- v,),

Ognuna delle semimartingale (3) ¢ un processo di
Omstein-Uhlenbeck (cfr. [1] p. 134 ed anche, per il teorema generale
di esistenza e unicita della soluzione, [4]teor. 7, p. 197) ed & possibile
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fornire un'espressione esplicita dei processi soluzione

X(©)= et [X(0) di+o, [} et AW(S)],
Y()= et2 [Y(0) dt+o, [} eso2 dW(s)].

Descriviamo i conti per il processo X. Applicando la formula di

_integrazione per parti per semimartingale al processo deterministico

(t,@)—e1 ed alla semimartingala X (cfr. [5] p. 56 1a (12.1) ), siha (la
componente di Ito del processo deterministico e**1 € 0)

X() e = X(0) + [EX(s) desor + [§ eson dX(5) =
= X(0) + 5 X(s) oy eso1 ds + |} esu dX(s).

L'integrale stocastico di ese1 rispetto alla semimartingala X ¢ dato
da (cfr.[5] p.53 1a (11.2))

[t esar dX(s) = - [§ e oy X(s) ds + J§ eso1 6, AW(s),

sostituendo nella formula di integrazione per parti si ha

X(t) =X (0)+f} X(s) oy eso ds-oy [} esm X(s) ds+oy [ eso dW(s)
semplificando

X(t) et = X(0) + 6, [} es1 dW(s)

e ricavando X({t)

(4) X(t) = et [X(0) + 6, ]! est dW(s)].

Questo processo & detto processo di-Ornstein-Uhlenbeck di
parametri ¢;,0,; uscente dal punto iniziale X(0) e relativo all'assegnato
processo di Wiener W. Esso & un processo gaussiano con traiettorie
continue. In particolare per ogni t la variabile aleatoria X(t) ha legge

normale. I parametri di questa legge, ossia la media e la varianza di
X(1), si possono facilmente calcolare tenendo conto del fatto che, per le
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proprieta dell'integrale di Ito (cfr. [5]), la variabile aleatoria
[} esm dW(s)

ha media nulla e varianza uguale a
[} (es01)2 ds= (e2a-1)/( 201y).

Si trova cosi:
E[X(t)]=X(0) et ,

Var[X(1)] = E[(X()-E[X(D])?] =
= E[(0, ]} e ®901 dW(s))2] = 62 (1-e201 )/(201,).

Sostituendo X(t)=(x(t)-y,) nella (4)siha
x()=y+et%1 (k(0)-1,) +6, Jie- a1 dW(s),
e con passaggi analoghi si ha

y(©) = v, + 19z (1(0)- 1) + O, J§ e o0 dW(s),

Si osservi che i valori medi di x(t),y(t) sono descritti dalle

equazioni differenziali deterministiche (1)

E[x(®O] = v + e (k(0)- 1),
E[y(®0] = v, + e (x(0)- 1)

In accordo col fatto che a vy, ¥, abbiamo dato il nome di intensita

di interesse normale di interesse di lungo periodo si ha

Efx(=)l=lim E[x®] =%;
Ely(=)l=lim E[y(®)] = 1,

La varianza di x(t) ed y(t) sono uguali a quelle di X(t),Y(t):
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Var[x(t)]= 62 (1-e291)/(20,);
Varly(®]= 62 (1c202)/(201,).

Le variabili aleatorie dei processi x,y possono assumere valori
negativi ma De Felice-Moriconi (cfr. [2] p. 267) assicurano che per
valori “"sufficientemente elevati” delle costanti «, 0y, ¥;, Y2 la
probabilitd di avere un'intensita negativa & piccola in ogni istante con
effetti trascurabili sulla significativitd economica del modello.

D'altra parte una discussione rigorosa, sui processi che
rappresentano le intensitd d'interesse di finanziamento x e di
investimento y deve assegnare ad ognuno di questi processi come
spazio degli stati [0,+o0[ con uno stato riflettente nello zero, il che
richiede il ricorso a due processi di Omstein-Uhlenbeck definiti come
in (3) ma con spazio degli stati [-y,,+e°[, [-Y,,+oo] con barriere
riflettenti in -y;,-v,. Ad esempio, riferiamoci al primo processo
definito dalle (3). Se indichiamo, gli stati del processo di
Omstein-Uhlenbeck X con s, se[~y;,+o[, la densita relativa allo stato s
all'istante t si pud ottenere risolvendo l'equazione differenziale di
Fokker-Planck (cfr,, per esempio, [3])

d/ot f(s,t) =0/0s { oy s f(s,t) + (1/2) [d/ds (G, f(s,0) | },

con la condizione "iniziale"

Iim 1(s,t)= 8(s-(k{0)-v,))

tlo
(dove con 6 indichiamo la funzione che vale 1 in k(0)-y, e O altrove)

e 1a condizione "al contorno”

(5) lim {as £(s,t) + (1/2) (9/0s) [o, f(s,1)] }=0.
sboyp

La condizione iniziale esprime la circostanza che il processo X
all'istante t=0 assume il valore k(0)-y; con probabilita 1, cioé il
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processo stocastico dell'intensith d'interesse x(t), al tempo iniziale t=0 ,
con probabilita 1, assume il valore k(0). La condizione al contorno ¢
un modo di esprimere la conservazione della massd di probabilita
nell'intervallo [-y;,+eo[ ossia la normalizzazione della densitd di
probabilita f il cui integrale esteso all'insieme di tutti gli stati possibili,
[-Y1,+ee[, deve valere 1 ad ogni istante:

fa7 f(s.0ds=1, ¥ 120.

Derivando ambo i membri di questa equazione rispetto a t ¢
ricordando l'equazione di Fokker-Planck otteniamo poi:

,f—'y:e (0/0s { oys f(s,0) + (1/2) [ 9/ds (&, f(s,0) T } ) ds =0,

da cui si ottiene la condizione al contorno (5).

- Va sottolineato che il modello intende essere semplicemente
rappresentativo delle variazioni aleatorie del mercato finanziario cosi
come espresse mediante le semimartingale x,y allo scopo di analizzare
in prima approssimazione le ripercussioni di questa aleatorietd sulla
valutazione di un progetto finanziario.

§3. Montante (valutazione dei progetti). Una generalizzazione del
- montante a due tassi, descritta (per il caso discreto) in [6], & la
funzione che indichiamo con S (boreliana) che verifichi in ciascun
punto t la relazione seguente: '

(6) S(O=G(O+[} S+(s) k(s) ds -[} S(s) (s) ds.

In questa equazione S+, §- denotano rispettivamente la parte
positiva e la parte negativa di S definite al solito modo:

S+=sup(8,0), S-=sup (-S,0).

S(t) rappresenta il montante (deterministico) a due intensitd
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d'interesse k,rdi tipo TRM.

E' chiaro che sostituendo le funzioni deterministiche k,r con i due
processi stocastici x,y 'equazione che governa la funzione montante S
s1 trasforma nell'equazione stocastica:

(7) S(t)= GO+ S+(u) x(u) du -f} S-(u) y() du,

dove
x(U)= 7y, +evo1 (k(0)- yy) +0; J¢ e w9 dW(s),
y(u)= v, +e192 (x(0)- 1) +0, [§ 92 @9 dW(s),

sono due variabili aleatorie normali.

Si tratta di un'equazione stocastica molto semplice in quanto non
interviene nessun differenziale del tipo di Ito ma soltanto il
differenziale ds. In realta la (7) & un'equazione differenziale nella
quale i coefficienti (e quindi la soluzione) dipendono dai valori assunti
dalle due variabili aleatoric normali x(u), y(u), cio¢ dal parametro
we .
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ON THE OPTIMALITY CONDITIONS FCOR THE EUCLIDEAN
MULTIFACILITY LOCATION PROBLEM IN A TREE.

Nota di Giancarlo Pesamosca
Presentata dal Socio prof. Guido Trombetti
Adunanza del §/4/1991

Riassunto.

81 deducono le condizioni necessarie e sufficienti di
ottimalita' per il problema EMFL, per mezzo del sottodiffe-
renziale della funzione obiettivo. Successivamente =i
dimostra che, nel caso particolare di un albero, tali
condizioni sonc equivalenti alle condizioni di ottimalita’
di m problemi di Weber, ccn m numero di 'New Facilities'
del problema EMFL.

Abstract,

The necessary and sufficient optimality conditions for
the general EMFL problem are deduced by means of the
subdifferential of the objective function. Moreover the
equivalence between these optimality conditions and the
optimality conditions for m Weber problems (with m number
of new facilities) is proved for the particular case of the
EMFL problem in a tree.

Key words: Location problems, Optimality conditions, Sub-
differential.

1.Intreoduction.
The "Euclidean Multifacility Location Problem” (EMFL

problem) can be outlined as follows.

A connection scheme defined by a graph H is given,
connecting m unknown points X:'Xa'"xm (new facilities} and
n assigned distinct points- Am+:"‘4}n+2""4m+n
facilities) on the euclidean plane. A positive weight is

{existing
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associated to every line of H. It is required to locate the
new facilities so as to minimize the sum of the weighted
distances among some of the existing and new facilities.

The EMFL problem has been recently considered by Conn,
Calamai and Dax (e.g. see [1], [2], [4]), who deduced the
optimality conditions and developed an iterative second
order method for the numerical solution.

In the present paper the optimality conditions are first
deduced in a quite different way (sect.3). Successively the
particular case of H being a tree is considered (sect.4).
In this case a simple way for testing the optimality is
given, and the equivalence between the optimality
conditions for the EMFL problem and for m simple Weber
problems is shown.

The subject is treated in Ré, but any result can be

easily extended to rR"™.

2.The problem formulation.
The EMFL problem in R® can be formulated as follows.
Find a point X=LKfX2me]TGREm which minimizes the

function
= 1
FCX2 ijr + Zhjr_ (1)
«J,rep - (J.rmeP
IZJ<r=m I£J<m, m+Iisr=mtn
where:
m is the number of new facilities,
n is the number of existing facilities,
P is the set of pairs (jrrr)qjara),...(considered in

the lexicographic order) such that the line connecting
XJ,,XPT(or XJ'AI"") exists in H,

,fyj] is the 1location of the j-th new facility
(J=1,.m),

AJE{aj.bJ]T is the location of the j-th existing facility

st[x

Cj=m+r1,..m+n),
rconnecting X, to

fjr=ijHX3-X}H2 is the cost of the line sj J
X , :
-
= - i i ; necti X
th wjpnxa Ar‘!l2 is the cost of the line ajr con ng J
to Ar’
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>0 is the weight associated with the line Sjr'

'wjr

w, >0 is the weight associated with the line ajr'

Jr

According to [1], in considering a current point
3(=[}?I..§’a...5(m]T <R®™ we will think of each new facility as
being in one of the following distinct categories.
(1)-Isolated points. A new facility iﬁ in this category

occupies a location that differs from all other facility

locations.

(2)-Coinciding peints. A new facility fp belonging to this
category coincides with an existing facility Ad’ but
differs from all other facilities,

(3)-Isolated cluster. An isolated cluster is a group of
coinciding new facilities whose common location is dis-
tinct from all other facility locations.

(4)-Coinciding clusters. A coinciding cluster is a group
of new facilities whose common location coincides with
an with an existing facility Ad

As a consequence the set of the m new facilities can be

partitioned into ¢ consecutive groups, each of them

belonging to one of the previous categories only. The new
facilities of a cluster will be considered (without loss of

generality) as numbered consecutively, that is
X X . .X .
2 pr’ T g

3.The optimality conditions for the EMFL problem.
It has been proved in [5] that the subdifferentials of

the functions

g OaVI=wlCx-ad +Cy-62%1" %

_ - = _ 2. 172
gecxr.y:,xz.y,_,)—wffxr an +Hy, ya) 3

respectively in X=hmb]T and in any point Xh{xryrxzyz]r

such that X=X, and v, =y, are given by the following sets

g, (@) = { " ¥ | ()% (y™)%u® ) (2)

I R VY x o » ® o a2, 2
g = + = = ’ 3 » = r = » + S
gz(xr XV ya) {nyIx2y2|xI XY rTTY, (_xI) (yl') }

(3)

Therefore, if X =4 (apb,) and the line e a exists in H

J
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then it follows from (2):

T . 2 z -2
yal x za, = (Mg yql > WItH Myytvyg = ¥ig (4)
yfbd
Morecver, if §3=}r and the line Sjr exigts in H then it
follows from (3):
= - - T : 2 a2 o 2
af&r X ax_ = [uyﬁujr’ujr’vjr] » with u T S,
£ (5)

In the following, the first two components of ijr will
be denoted with the positive sign if j<r,with the negative
sign if jor.

The subdifferential of the convex function F(X) in a

given point X will be denoted as aF{Xy =
L L

[x:'yr'xz'yz"'xm'ym] ’ -

depends on the lines of H incident to X& only, and taking

Each pair of components [xjﬁ.yj*]T

{4) and (5) into account can be written in the following

way
» J-z g
4 & u U u
bl -l ] 2 b
J w] L Ul g, Lk Ja
where: ~
iy- gjx’ gjy are the partial derivatives in X (with respect

to x4 and yj) of the differentiable part of F(X). If Rj
denotes the index set of all facilities connected in H
through one line to X&, but not superimposed on i}, then

such derivatives can be written as

-

- &8 - - a ah
o=y N Pp g =) ey ()
Jx = dx - dx Jy 8 adw
rer J reR 7 reR yj reR J
r<m’ rom} rﬁmj r>m
Observe that (7) is the only term in (6), if i& is an

isclated point.
ii)-The second and third terms appear in (6) when }J is in

a cluster. The vectors [”jﬁvjrlT are associated with the

lines Sjr’ with }F also in the c¢luster. They are
arbitrary, providéd that the following inequalities are
satisfied:

u? o+ ¥ < Wf (8}

Jr Jgr = T Jr
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1ii)- The last term appears in the cases of coinciding

points and coinciding clusters only. It is associated with

the line ajd connecting X} with Ad, and must satisfy the
inequality
2 2 . -=
ujd + vjd =< wjd. {9}

The necessary and sufficient conditions for X to be a
minimizer of F({X) are expressed by the equality aF (X)=o
which, tacking (6) into account, can be easily written as

the linear system

A¥Camxzcd Weaexrd = -GCamxrd (10}

associated with the inequalities (B} and (9), for each pair
{(J,r) or (J.d) such that 23 is superimposed on i} or Ad'

In the system {(10):
i)-The components of the unknown vector W are the elements

“jk“ﬂﬂe of (6), considered in lexicographic order (i.e.
with J increasing from r to m, and for each jJ, with k
increasing from j+r to the greatest index of the vertices

in the cluster of E&), If ¢ denotes the number of pairs

(ujﬁvjh)’ then ¥ has =2¢ components.

*
ii)-4 can be wiewed as a bleck matrix, whose blocks are
ICaxz> (identity matrix), -ICaxel, and OCax=). In fact,

*
each even row of 4 equals the upper odd row shifted one
position to the right, and the rows 2p-1, 2p corresponding
to any isolated point }b~are zero.
iiiy- The vector at the right hand side is
= T
G=[g

e 1.

'€y mx'Emy

It follows from ii) that (10) can be split into two
systems:
AU = -@ (11)
AV = -@ {11}

with Ulexrd and V{ecxr) containing respectively the ujh's
and vjk's in the same lexicographic order as they are if W.
The coefficient matrix A{mxc> can be obtained from 4 by
substituting respéctively the blocks I, -I, o with 1, -I,

0, and the right hand vectors are
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T T

G, Cmxrd=(g ..g 1 Gyme.r)= [g.ry""gmy] .

o

Let us now consider the new facilities partitioned into
t groups as shown in sect.2. In the i-th group, let m, be

the number of new facilitjies and €, the number of lines

S_jr and ajd’ with Xj’Xr-’Ad in the group (mz+"+mt=m'
C:+"+ct=c)° Thus (1l) can be written as
A o o u -G
r I I
& "‘41'."0 Ui = “Gix (12)
o o . At Ut _Gtx

and (11') likewise. So they are equivalent to the following

2t indipendent systems:

A, (mxc, )l (e xx) = =G, (mxr) (i=z1,.t) (13}
Ai(mchi).Vi(cixt) = _Giy(mix‘r’) (i=1,..t) (13")
where Ai is the submatrix constructed with the m, TOws of
indices p, p+r,.g of 4 , and with the <, consecutive
columns associated with the pairs U vjh of the i-th
group. Moreover, the elements of Ut' Vi are precisely these

u and v and th=z right hand sides are the vectors

Jk Jr’
T _ T
] a, ~le €]

G, = ,
ix L€ oy Ep+r, v Eay

v

p+r L E

G

A point X solves problem (1) iff a solution UV of systems
(13), (13") exist in X, satisfying the constraints (8),(9).
We can now examine in detail the systems (13) and (13') for
each category introduced in sect.2. In the case of
¢lusters, the notation Hp will indicate the subgraph of H
containing only the facilities in the c¢luster, and those

lines Sjr and ajd wich interconnect them.

Isolated points.
If Xp is an isolated point, then the corresponding systems
(13), (13') reduce to a single equation with left hand side
zero, and giving the gradient condition in }p :

= . =0. 14
gpx e gpy o ( )

Coinciding points.
If )_(p is superimposed on A
-le

a’ then Ai{rxr)=:. and [upd.vpd}=

px'gpy}' Thus the condition (9) can be -written as
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2 2 ot
+ s w 15
gpx gpy pd ( )

Isolated ciusters.
In this case, the matrix 4, of (13),(13") is the incidence
matrix of the subgraph Hpq. Its rows correspond to the
vertices i}, and its columns to the lines S g wich

interconnect them. A, has the following properties {e.g.see

[(31).

1)-The sum of its rows is zero,.
2)-Let A? be the matrix Ai’
incidence matrix), and let M be a minor of maximal order

i

with one row removed (reduced

m.-r formed with an arbitrary set of m -x c¢olumns of A?.
Then M=o if the columns correspond to a spanning tree of
H . Otherwise M=o.

It Hpq is a tree, then €,=m,~1, and the compatibily of
systems {(13), (13') regquires that

G G
Y £ O Y €4, =0 (16)
J=p J=p

If {16) are satisfied then the systems can be solved after
suppressing an arbitrary row, since two systems of €;
equations in €, unknowns, with non-zero determinant for the
above property 2), are obtained in this way. As a
consequence the <, inequalities {8) can be written, which,
together with the pair of equalities (16), furnish the m,
necessary and sufficient optimality conditions for the
cluster.

1if Hpq has c¢ycles, then Cizmi' Since the rank of Ai is
m.-r, the compatibility of systems (13) and (13') again
requires that the equalities ({16) are satisfied, but in
this case there are infinite solutions (see the example at

the end of this section).

Coitnciding Clusters.

If Hpq is a tree, then we can restrict ourselves to
consider the case of Ad being a leaf (for example, see the
cluster T in fig.1lb). In fact, if A 4 has degree g>1 then

Hpq can be split down - in order to study the optimality -
into g subtrees of type of Fig.lb, obtained from 'Hpq by

breaking off the lines incident at Ad. In the cases of
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Fig.1b, the coefficient matrix 4, is the incidence matrix

i
of Hpq—{Ad,atd} with one additional column assgociated to

the line a, ,. Moreover c=m,, and systems (13)},(13') have

td
m, equations and m, unknowns, with det Aixo. In fact, the

1 3
computation of det Ai along the column associated with atd

easily shows that det 4,0, since it is equal to a minor of

maximal order of the iicidence matrix of a tree (see [3]
again). As a consequence a single solution exists, which
allows us to write the necessary and sufficient optimality
conditions for the c¢luster. In particular the unknowns
U, gr¥;g CaN be easily computed by summing the egquations. So
the corresponding condition (9) is obtained:

G = 3
-2
Zg + zg < w (17)
td
[J"P I ] [J—p g
If Hpq has c¢ycles then P EEL and the systems (13),
(13') have infinite solutions as in the case of isclate

clusters.

To summarize, if the connection scheme defined by the graph
H is a tree then all systems (13},(13') corresponding to a
given point X have&é single solution, which allows us to
write immediately the necessary and sufficient optimality
conditions for the problem (1). If, on the contrary, #H
contains cycles, then some clusters might also contain
cycles, so that %he corresponding systems (13),(13'), (8},
(9) have to be studied in order to test the optimality (see
example below). Clearly, the existence of at least one
solution of (13) [or (13')] satisfying the inequalities
(8), (9) is required for the optimality.

Example.
The following example is considered in [4]7. Let
A4=(¢§/2J/2)- A5=(—V§>2J/e). A =(o.-1) denote the loca-
tions of the existing facilities, and let
F(X X X )= Ix~-4l +lIx -4  + Ix_-4_l {18)
2"z r 4 25 3 8

+w( X -x i + X -x_I + X -x_1I )
r = Iz 2 g

be the objective function to be minimized (Fig.la}. The
optimality of the isolated cluster X}=X2=Xé=o is to be
tested,
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AS Ag Aj = X3 v A4 =X1

X1=X2=X3=(00)

1 b)
Ag Ag = X3

Fig.1

The system (13), {(13'), (8) is written as

u tu = g vt = -g

Ia I3 I a2 IR Iy
- = — - + = -
Yra +"23 & Y1z Yaz €ay (19)
THrz Yz T TEax "Yr3™Vaz T €3y
I g =
- Ia
4 2
=
i3 T Vg BV (20)
=4 va = va'
23 23
ith =g sa, =yz./2, =g, = =—z/2, =r. Since
with ¢  =-v3r2. ¢ =737z £ 20 TO £,,T8 TTE 2 £y
the compatibility conditions (16) are satisfied, the

systems (19) can be solved. The general solutions can be

written as

U= [ ar¥zra, -a, a}T V = [ f+rsa, -5, r+ﬁ}T (21)

with «, 2 arbitrary. By substituting (21) in (20) we obtain:

(a+¥3/2)% + (prrrz2)® = 0%
o . i < 2
o~ + (:+ﬁ')2 = va

which represents in the plane (a,/f) the circles 61533333 of

radius v and centres in (-¥3/2,-1/2), (0,0), (0,-1). As it

can be easily verified, they have a common intersection for

u2v0=1/V3, and hence in this case the c¢luster

XI=X;=X3=(0¢:) solves the problem (fig.1lb}. on the

contrary, Clnczncz=0 for vew and the cluster can not

solve_the problem. The sclution in this case is that shown
in Fig.lc, as can be proved by simple applications of {(15}.

For L all points Xt=t‘4f.+3 (i=2,2,3; te[o.,x]}) solve the

problem (18}.
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4.The particular case of trees.
If the graph H is a tree then all systems (13), (13'")

corresponding to a given point X have an unique solution.
In order to compute it let us consider the tree Hpq of
the i-th cluster as directed, and denote it briefly by T.
Moreover:
i)}-Either set the root of T in any of its vertices, if T
corresponds to an isolated cluster, or in Ad if T
corresponds to a coinciding cluster. Consider T as directed
from the root to the leaves.

iiy-Renumber the new facilities of 7T as X}hX2“"X;1, 50
(3

that X} is the root for the iscolated clusters, and is the
successive vertex of Ad for the coinciding clusters. In

this new numeration, the inequality Jj<r must hold for every

arc S g directed from XJ to X, {see Fig.2a for an isolated

cluster, and Fig. 2b for a coinciding cluster).

Fig.2
iiiy-For any vertex X& cf T denote as XP and . fj
i
respectively the predecessor vertex of X, and the set of

J

indices of the successive vertices.
Theorem 1. The solutions of systems (13), (13') can be
computed by means of the following recursive formulas:

if x, is a leaf of T (22)

‘P T £ e PJT J

tu 5= Z UtE g vpjj= z Y iRtE 5y Otherwise (23)
kefj kefj

(with j=mi...3.a for the 1isolated clusters, and j=m1:...2.1'

for the coinciding clusters)

Proof. Consider first the case of isolated clusters, and

suppose that the compatibility <conditions (16) are
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satisfied and the eguations corresponding to the root of T
are removed from the systems. If Xﬁ is a leaf, the
corresponding equation (of system (13) for example) 1is
-uPJJ=—ng, from which (22) follows.

Otherwise, the corresponding equation is

_tuJ+E ujk=_gjx
hefz
and hence (23} also holds. The proof does not change in the
case of coinciding clusters. Observe that (16) is not
required in this case, and that the last step of the
: a' Yrd which (taking the renumeration
into account) equal the sums at the left hand side of
{17) .o

For example, the solution of system (13) in the case of

recursion gives u,

fig. 2a 1is given by uTE e u34=g4x. Usc=Fc,, urg_

=& o4

4x+g5x 3x

If m=1, the EMFL problem reduces to the Weber problem
[5]:

n

F(X) = F(xy) = Efj = min fy= wX-4,
Jor

It follows from (14),(15) that the necessary and

(24)

sufficient conditions for a given point X=(x,y) to solve

problem {(24) are:

n n
Zg£i= 0 Zg£i= 0 if X#d, ¥ J (25)
J=x J=I
n 2 n 2
arfi afi 2 if X= '
de N Z"y < w? if X=4 (25')
=1 J=1
Jd J*d

with the derivatives computed in ¥ .

The necessary and sufficient optimality conditions for
the EMFL problem in a tree H can be expressed as optimality
conditions of m Weber problems (mi problems for each i-th
group). To this end, let us introduce the following

notations.
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TJ Subtree of 7, with root in Xj and directed from x& to
the leaves of 7. If X, is a leaf, then TJ=X3.

Xf Common location in R® of all new facilities of T.

X% Common location in ®¥ of all new facilities of Tj‘

<) J Set of the indices of all new facilities of T.

ﬁj Set of the indices of all new faclilities of Tj.

F(Xd) Set of all facilities c¢onnected by one line to

X&. The new facilities lying in the group of X3 are

excluded.

Moreover, let us denote a Weber problem by W(X,#), where

X is the unknown vertex, and & is the set of the given
terminal vertices. The weights will be evident from the
context.
Theorem 2. A point iafi}““}mJT solves the EMFL problem in
a tree iff:

i)-Every isclated point }p solves the problem

wlx , (X 26
(%o T(%p) ] (26)
iil)-Every coinciding point ?p also solves problem (26).
iii)-Every i-th isoclated cluster Xb=Xb+:=m=Xq solves the
problem

w[x. U r(x.) ] (27)

T ket k

and the m,~I problems

w[ X. . Ur(X) U (X} ] (28)

r kegr r

for r=a,3,.m, {take the renumeration of the vertices into
account) .,

iv)-Every coiciding cluster also solves the problem (27)
and the m,-r1 problems (28).

Proof. Taking (25),(25'} into account, it can be easily
verified that:

iy~-If }p is an isoclated point, then the optimality
condition for the problem (26) is given by (14).

iiy-1f iﬁ is a coineciding point then the optimality
condition for the problem {26) is given by {(15}.

iiiy-If ip=m=ia form an isolated cluster, then the
optimality conditions for the problem (27) are given by

{16), and for the m,-1 problems (28) by the inequalities
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2 2 2 =
up .t vp = wp . r=2,3.m, (29)
r r r
with

uPpr = 2 € R UF;P = z gky : (30)

' keB keg

r r
But (29), (30}, together. with (16), are the optimality

conditions for the cluster,since (29} corresponds to (8),
and (30) to (22),{23) which are the solutions of systems
(13), (13").
iv)-If X =.=X_ =4
iv) o & Aa
optimality condition for the problem (27) is clearly given

by the inequality

form a coinciding cluster, then the

= =
e — @
[ 2 gjx ] + [ 2 gjy ] 5'w:d
Jeg Jet

i.e. by (17) (taking again the renumeration into account).
Morecver, the optimality conditicons for the m, -1 problems

(28) are given again by (29), (30} which correspond to (8)
and to (22),(23).
As a congseguence, if all Weber problems (26),(27),(28) are

at their minimum then pairs exist satisfying

Yar R
{8),(9), and such that 8F(X)=c. Therefore X is a minimizer
for the EMFL problem. On the other hand, if X minimizes the
EMFL problem then all components of &F(X) vanish with all
IR ”jk satisfying (13}, (13'), (8), (9}, and hence

all problems (26), (27),(28) are at their minimum. o

pairs u

As an example, the optimality of the cluster of fig.2a
¢orresponds to the optimality of the following 5 Weber
problems:

X X, *)

W X =X = = = 1 ] 1 ] » » » » 1] | ]
( X=X =X . (4.4 547 g A g XA A g X g

r a2 "3 o' ro’
WXy (4,4, X })
WX =X =X , {4 , X, ’ s
( 3 4 5 { I3 414 ?AI'?AIQ X.r})

WX A, 4, X }) WX, {4

13’143 XpXzh)

i K |

Observe that these Weber problems depend on the choiche of
X}in T, so they are not univocally determined. This
undetermination correspond to the undetermination of
systems (13), (13') for the isolated clusters, provided
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that (16) is satisfied.

Conclusions and further Developments.

The main result of this paper is the expression of the
optimality conditions for the EMFL problem in a tree as
optimality conditions of certain m Weber problems related
to the graph H. This property suggests a method for
the numerical solution of the problem, based on the
iterative solution of such Weber problems until they reache
the optimality. This algorithm is described in [7].
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Riassunto: Scopo di questo lavoro & stabilire nuovi risultati per I’ approssimazione
dell’ e-sottodiflerenziale di una funzione convessa e semicontinua inferiormente
tramite gli e-sottodifferenziali di una successione di funzioni convesse e semicon-
tinue inferiormente in ipotesi di I' convergenze sequenziali o di convergenza di
Mosco. In particolare si ottiene la " convergenza inferiore” degli e-sottodifferenziali.
I risultati ottenuti sono illustrati da vari esempi e si d& un’ applicazione alla
convergenza. dei moltiplicatori di Lagrange.

Abstract: In this paper, under assumptions on I' or Mosco convergences for a
sequence of convex lower semicontinuous functions, new results about approxima-
tion for the e-subdifferential of the limit function by the e-subdifferential of the
sequernce are given.

In particular ”lower convergence” of the sequence of e-subdifferentials is obtained.
In order to illustrate those results various examples and an application to the
convergence of Lagrangian multipliers are given.

Key words:
I'" convergence of functions, sequentially lower and sequentially upper con-
vergence of a multifunction, subdifferential, e-subdifferential, Lagrangian
multipliers.
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1)

2)

§0. Introduction

Let X be a real reflexive Banach space, X * its topological dual space and
(fz)n a sequence of proper, convex and lower semicontinuous ( Ls.c) func-

tions from X to R = R U {—oo, +oo}.

A. Ambrosetti - C. Sbordone ([1]) and M. Matzeu ([14]) were the first to give
properties of convergence for a sequence of subdifferentials under assump-
tions of T~ convergence. Particularly, assuming the sequential '™ conver-
gence for the sequence (f,)n with respect to the weak convergence in X, in
[14] the Graph convergence of the sequence (8f5), is obtained. A stronger

and interesting property on the sequence (8f,), would be the following:
for any z in domf, and any sequence (%}, weakly converging to z in
X, we have: 0f,(z) C s — Liminfd f,(z,)
n—oco
( that is: for any z* in 8f,(z) there exists a sequence (&), in X* such that
(&%), strongly converges to z* and &} € dfn(2s) for n large).
But as it will be shown by counter-examples, such a property is not in
general obtained even for a class more restrictive than the class of convex

functions.

Nevertheless by using the e-subdifferential the following results, among the

others, are obtained for ¢ > 0.

Under assumptions on sequential weak '™ convergence for the sequence

(fn)n ( that is under the same assumptions than M. Matzeu) we have:

for any z € dom [, there exists a "good” sequence (Z,), weakly con-
verging to z in X such that: 8.f,(z) C s — Liminf@, f,(&,) for any
n—0oQ
e=> 0.
Under a stronger assumption, that is if the sequence (f,)n is sequentially

weakly continunous converging to f,, we obtain:

for any = € domf,, for any sequence (z,), weakly converging to x in
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X, we have: 8, f,(z) C s~ Limixoifasfn(mn) for any ¢ > O

{ that is the sequence of e-subdifferentials is sequentially lower convergent
to 9 fo ([12])).

These results are compared with those of [3], [14] and various counter-

examples show that it is not possible to improve them.

Then, for completeness, more obvious results of sequentially upper conver-
gence ([12]) of e-subdifferentials are given, extending those already obtained
for subdifferentials by M. Matzeu.

Finally, an application to the convergence of Lagrangian multipliers is given

in order to complete the results obtained by T. Zolezzi ([18]).

§1. Basic notions and preliminaries

First of all, let us recall some definitions of set convergence. Let (U,7) and
(V,o) be two sequential convergence spaces ([11}) and (A,), a sequence of

subsets of U.

Definition 1.1 ([11])
T — Lgmjann = {u € U such that there exists a sequence (),
— 00
T-converging to u in U, with u, € A, for n large }.
Definition 1.2 ([11])
7 — LimsupA, = {u € U such that there exists a sequence {(uy)x
00

T-converging to u in U, with uy € 4,,, forany K € N

and for a selection of integers (ng )i} -

If A is a subset of X, Ze) is the set of points » € U 7-limit of points of

A and A is sequentially closed if and only if A = Eseqm.

Let M be a multifunction from U to V, that is for any v € U M{(u) is a
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subset of V. GraphM is the {ollowing subset of U x V' :
GraphM = {(u,v) € U x V : v € M(u)}.
Now, let (M} ), be a sequence of multifunctions from I/ to V for any n € N.

Definition 1.3 ([12])

The sequence (M), is sequentially lower convergent to M, if:
for any u € U and any sequence (u,), T-converging to win U we have:
Mo(u) C @ — Limint Mo (uy)

{ that is: for any v € M,(u) there exists a sequence (v,), o-converging to

vin V such that v, € Mp(u,) for n large).

Definition 1.4 ([12])
The sequence (M), is sequentially upper convergent to M, if:
for any u € U and any sequence (u, ), T-converging to w in U/ we have:

o — LimsupM,(un) € M,(u)

ki umd =]

( that is: for any sequence (vi ) o-converging to vin V such that
Vg € My, (Un, ) for any £ € N and for a selection of integers (ny ), we have:

v € M,(u)).

In the following we deal with a real reflexive space X and.its topological dual
space X* endowed by weak and strong convergence respectively denoted by

w and s.

Now let us recall some definitions of cénvergence for functions. Let (/)

be a sequence of functions from X to R.

Definition 1.5 ({5], [4], [2])
folzo) = T, (wilim fr, (2,)

or the sequence (fy ). sequentially weakly I'™ converges to f, at z, if:
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(1.1) for any sequence (z,), weakly converging to , in X,

lim inf fn(-’tn) Z fo((ca)

(1.2} there exists a sequence {&,), weakly converging to z, in X such that:

limsup fo(E,) < fola,).

R— o0

If folw,) = Ty, (w)lim fr(w,) for any x, € X we denote f, = [7, (w)limf,.

Definition 1.8 ([15])
fo(mo) = r;eq(wvs)hmfﬂ(:co)

or the sequence (f,), Mosco converges to f, al z, if:
(1.1) for any sequence (z,), weakly converging to z, in X,
liminf fa(z,) > folw,)
Thb O
(1.3) there exists a sequence {(&,), strongly converging to =, in X such that:

lim sup fr(&,) < folaz,).

n—rCce

Definition 1.7 ([5], [16])
fo(zo) = Dseg(wilim fr(w,)
or the sequence (f,), sequentially weakly continuous converges to f, at «,
ift
(1.4) for any sequence (z,), weakly converging to z, in X,

fo(zo) = nhjr%o fﬂ(mn)-
For properties of ['" convergence see, for example, ([5], {4], [2], [15],
{10}, [13], ...). In the following T,(X) will be the set of proper, convez
and lower semicontinuous (l.s.c) functions, all the considered functions will

bein I'o( X'}, f* will be the Young- Fenchel trasform of f and dom f the subset
of X where fis finite ([8], [17]).

Finally we recall the theorem of M. Matzeu on the continuous dependence
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of the subdifferential under assumptions of sequentially weakly I'™ conver-

gence.

Proposition 1.1 ({14])

Let (fu)n be a sequence of I',(X) such that f, = I';, (w)lim f,.

Then:
the sequence (0 fn)n of subdifferentials G(w, s) converges to df,,
that is ([1], [2]): '

(1.5) for any (z,2*) € X x X* with z* € 3 f,(x) there exists a sequence
(Zn,Z5)n C X x X* with &) € 0fn(Zn) for n large such that:

the sequence (&,,%L)n is weakly-sirongly converging to (z,z*)

(1.6) for any selection of integers (ng)y /" oo, any sequence'
(ze, i) C X x X* with a} € 0f,, (xy) for any k € N,
if the subsequence (xy,®} )y is weakly-strongly converging to

(z,2*) then: z* € 0f,(x). i

Definition 1.8 ([8], [9])
Let f € T',(X), z € domf and £ > 0.
Ocf(x) (e-subdifferential of f at ) is the set of all z* € X* such that:

fy) 2 fl&)+ {&*,y —x} —¢ for any y € X.

Remark 1.1

O. f(z) is a convex, closed set of X* which reduces to @f(z), the subdiffer-
ential of f at @, for ¢ = 0 and for any ¢ > 0 2f(=x) C 8. f(=).

I feT,(X) and ¢ > 0 we have: .f(z) is never empty as it is easy to

prove using Hahn Banach’ s theorem.
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§82. *Lower” convergence of the sequence (0., ),

First of all let us give a "local” result about convergence of the sequence

(3efn)n-

Proposition 2.1
Let (fn)n be a sequence of I'y(X) such that:
(2.1) for any « € X, for any sequence (&y)n weakly converging to x in X it
results: liminf fr(x.) > fo(z).
n—co
If:

(2.2) for x, € domf, there ezists a sequence (Z,)n weakly converging to w,

in X such that: limsup f,,(&,) < folzo)
then:
(2.3) O folwo) € s — Liminf 0, fr(£,) for any g > O

{ that is for any z* € 9, f,(2,) there exists a sequence (&%), strongly con-

verging to z* in X* such that & € 8, fr(Z,) for n large).

Proof;
1) First we want to prove:

(2.4) for any z* € X* there exists a sequence (Z}), strongly converging to

z* such that: lmsup f,*(7) < f.*(z").

N0

It is not possible to use the result given by H. Attouch ( [2], Theorem 3.7,
p. 271} but by using a part of his proof it is pdssible to obtain (2.4) under

our assumptions. In effect:
let us consider the case in which the sequence (f,), is "equicoercive”.

In this case for any n € N there exists a point ¥, such that minimize

{fulz) — (z,2*)} on X. Therefore:
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. . . * I . —— _ I £'3 —
liminf inf {/a(2) — (2,2")} = lim inf{ fo(Fn) — (Tn,2")}
lim {fﬂk(-f“k) - (_m-nk"’c*)}'
k—oo
Let (':'c'nkp ) be a subsequence of (Fn, )r weakly converging to T in X. We

have:
limint inf {fa(e) — (@,3")} > {£:(%) - (2%} =
> inf {/u(e) - (2,2}

Then {2.4) iz obtanined with &% = «* for any n.

Second case the sequence { fy ), is not "equicoercive”.
For any XA > 0 we introduce:
A

fMa) = falz) + Ellr”2 for any n € N.
Obviously, for any sequence (), weakly converging to = in X, we have:

. o A A

liminf fN2,) = iminf{fo(z.) + Slleal?} = folz) + =||xli?

n—00 n—00 2 2
and f3 € T,(X) for any n and for any A > 0.

Now we prove that (f2), is a sequence of functions "equicoercive” of I',(X)

for any A > 0. Infact under our assumptions:
there exists » > 0 such that for any n € N and for any 2 € X
it results:  fo.(z) + r(|je}] +1) = 0.

Denying the assertion we obtain the existence of a subsequence (n{k)); and

(x)x such that: fn(k)(ﬁlk) + k(]]ze|| + 1) < 0.

Without restriction, we can assume the map k& — n{k) to be increasing to

+00. We have to consider two possible situations:

the sequence (g )i is bounded.

Let z be a weak limit point of a subsequence of this sequence. It follows:
foz) <Timint{—pllzs, | —p} = —o0c

which is in contradiction with f, € T'o(X).
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b) the sequence (z4)x is not bounded. Let (z, ), be a subsequence such that

x|l = +oo as p — +oo. Let: 7z, = fag, + (1 —1,)%, (where the se-
quence (&n)n Is the sequence weakly converging to z, € domf, such that
1
Limsup fr(Zn) < fo(z,)). Chosen ¢, = —=——— such that the se-
mEup SulEn) < Jolao P = Tilles, —

quence (z,), weakly converges at the point z, as p — +oo. We observe that

tr > Qas k — +oo.

By convexity of the sequence {f,,), it follows:

llz e, |l

fﬂ“‘p)('zpj <tjﬂfﬂ(R (ﬂ]k )+(1_tp)f'n(k )(’L'p)'( \/_” ‘i‘c

= Zpl|
Thus:

Jolzo) < H;Eio%f Jaik,)(7p) < —o0 again in contradiction with f, € To(X).
And so (f;)n is a sequence of functions "equicoercive” for any A > 0.

Infact let be A > 0, for any # € X and for any n € N we have:

£2(@) = Fal@) + Sl > ~r(lell 4 1) + S el

Being the sequence (f2),, for any A > 0, a sequence of functions ”equicoer-
cive” of I';(X') we have:
for any A > 0 and for any 2* € X* Limsup(f))*(z*) < (f2)*(z*).
n—00
Therefore

hmsuphmsup(f V(z*) < sup(f)‘) (a¥)

00

But sup (F2* (%) = fX(2*). So, we have:

Iimsuphmsup f’\ (2*) < fr(z*).
A—0+ —+

Using Corollary 1.16 of [2] we obtain:
there exists a map n — A(n) decreasing to zero as n increasing to +oo
such that: lim sup(fA™)*(2*) < hm suphm sup{ f2)*(z*).
n—co R0
But |

(W>uﬂ~miwﬁw+ lle* — u*])?}

1
2A(n)
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and the function to minimize at the braces is convex, lower semicontinuous,

coercive and defined on the reflexive Banach space X*.

Therefore, for any n € N, there exists £, € X* such that:

S8 + gslle” = 0 = it (i

vk 2(n)

fla* — w*[1*}.

Thus:
1
J3(e*) z imsup {f3(Z3) + 5 e )Hw — @ y 2 limsup f(2%).
Moreover the sequence (&%), is strongly convergent to z*, infact: -

f;(i;) = (‘%:‘wﬁn> - fn(jn) =z _C(l + }E"E;H)

So, for n sufficiently large,

Fo@*) + 12 ~CO+ [J& 1) + 2}\( )ii et — |l

If f¥(&*) = +oo there is nothing to prove; in effect in (2.4) we could have

taken #; = z* for any n. Otherwise, the above inequality clearly implies

that (&%), is strongly convergent to z* ( since A(r) — 0 as n — +o0).

So (2.4) holds.
Now let &, f,(z,) be the following set:

Befolmo) = {2* € X*: folwo) + fo (") < (z0,2*) + £}
From remark 1.1 we can deduce: 3Efa(:ro) # § for any € > 0.

Let z* € éafo(:cg). Then:  fo(zo) + fo"(2*) — (@0, 2%} < &.

By the assumption (2.2) there exists a sequence (i, )}, weakly converging to

z, such that: limsup fro(&,) < folz,)

N+ OS
and by (2.4) there exists a sequence (&} ), strongly converging to z* such
that: limsup fr*(Z}) < f,"(z*). But:

n—0Q

llinjip[fn(in) + fa (~n) - (Z'm )] < fo(m )+ fo ( ) - (330:33*)-

So, for any € > 0, there exists n{c) such that:

for any n > n(e), fal@.) + f2 (@0 < {En,E5) + .
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That is for any n > n(e) &} € 8, fo(£,). Therefore:
éafo(:r:o) Cs— Lfitgu;gf@gfn(in) for a "good” sequence (&, ), weakly
converging to .. |
Now if z* is such that: f.(z,)+ fo*(¢*) = (z,,a*} + ¢ we can consider
the sequence {z})x derﬁned by zf = 7155* +{1- -i—)a:* with T* € 9. f,(z,).

It is easy to prove that 2z} € 8, f,(z,) for any k and the sequence (z})x is

strongly convergent to z*. Then:

2; € s — Liminfd, f,(&,) for any £ € N and therefore:

* €5~ Limint@, fu(3n) .
N—r00

But, with respect to the strong convergence,

s~ Limnf 9. (@) " = 5 — Liminfo. fu(%2)
n—co n—oo

so we have a* € s — Liminf 8, f,.(&,). i
i—r0oC
Under assumption of sequential I'” convergence a global result can be given.

Corollary 2.1
Let (fa)n be a sequence of To(X) such that f, = T, (w)limf,.
Then:

(2.5} for any @ € domf, there exists a sequence (&,), weakly converging to

@ in X such that: 9, fo(z) C s ~ Liminfd, fn.(Z,) for any ¢ > O. 4

Remark 2.1

Let us note that under the assumptions of corollary 2.1 lower convergence

of (8¢ fn)n 10 Ocf» is not generally obtained. In effect:

let
-2 ifx=0
+o0  otherwise

fof@) = {

and
Ane +2) iz 21/n
—nt -1 otherwise

o) = {

89



It results:
fn € To(X) for any n > 0 and T limf,, = f, but it is not true that
for any z € domf, and for any sequence (z,), converging to z, we

have: dfy(x) Cs— Lgﬁgfﬂsfn(mn) for any g > Q.

2 .
In fact, taken (z,), such that &, = ——2_; for any n, it can be proved that:
Oe fuln) = [0,2n] for any n.
So the sequence (z,), converges to zero but:

s — ngg}faefﬂ(mn) = [0,4+00[p R = Of,(0}.

Remark 2.2

As shown by the next example it is not possible to take ¢ = 0 in (2.3) even

if we take a sequence of functions equistrongly convex ([6]).

Let

400 otherwise

and

nz? otherwise

It is easy to prove that I',, limf, = f,, fn € To(X) for any n > 0,

the sequence (f,). is equistrongly convex and we have:

there exists z € domf, such that: for any sequence (z,), converging

to @ it results s — Liminfdf,(z,) J 8fo(z).

In fact for any sequence (&, ), converging to zero we have:
s — Liminfdf,(x,) = s — Liminf{V fn(z,)} C ]—00,0] = 8f,(0).
nN—00 N0
So it does not exist any sequence converging to zero such that:

3f,(0) € s — Liminfd f,(x,).

Moreover sequentially lower convergence of (0, f,)n to @f, cannot be
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obtained. In fact it can be proved:

O fulx) = [2n(z - \/.%'},27%@ + \/g)} ifae<-— ~ i T

e+ 1

So chosen a sequence (&, ), such that z, = — for any n it results:
the sequence (z,), converges to zero and s — Liminfd, fn(z,) = §.
T— 00

Hence s — nggfaefn(mn) 2 8f,(0) =]-o0,0].

Let us note that the functions in this example belong to a rather regular
kind of functions (squarewice, convex and derivable) and that the sequential
I~ limit of a sequence of functions derivable may be not derivable even if
the sequence is equistrongly convex. In fact in the above example f, is not

derivable at 2 = 0.

HRemark 2.3

Using e-subdifferentials we obtain results that it is not possible to obtain
for subdifferentials. In addition, if we compare the Matzeu’ s result with

the corollary 2.1 then:
we have reversed the logical operators V¥ and J;
we-have obtained a sort of "uniform” convergence for approximations

of subgradients to f,.

Now, let us consider a sequence Mosco converging to f, for which it

appears more interesting to give a global result.

Proposition 2.2
Let (fn)n be a sequence of I'y(X) such that f, = [, (w,s)limf.
Then:

(2.6) for any & € domf, there exists a sequence (&, ), strongly converging to

@ in X such that: 0. f,{(x) C s — Liminfd, f»(&,) for any £ > O

91



(2.7) for any a* € domf,” there exists a sequence (&},), strongly converging

to z* in X* such that: 8. f,*(z*) C s — Liminf 8. f,*(&},) for any
n—0o0

£> 0.

Proof:

Similar arguments to the ones of second part of the proof of proposition 2.1

can be used keeping in mind that :

fo = T3 (w,s)limf, is equivalent to f,* = Ty, (w,s)limf,* ([15]). f

Now, let us give a condition which insures a stronger "local” property on

convergence for the sequence (J fn)n.

Proposition 2.3
Let (fn)n be o sequence of T o(X) such that:
(2.1) for any z € X, for any sequence (z,)n weakly converging to z in X il
result: liminf fn(z,) = fo(z).
00
If:

(2.8) z, € domf, is such that for any sequence (xn), strongly ( respectively

weakly) converging to x, in X it results: limsup fr(zn) < fo(zo)

n—00

then:

(2.9) 8.Fo(zo) C s — Liminfd, fu{z,) for any £ > O and any sequence (xn)n
Nk OO .
strongly ( respectively weakly) converging to z, in X

( that is the sequence of e-subdifferentials is sequentially lower convergent

to 8. f, at z, ([12])).

Proof:

Let * € 8, f,(%,). As in the proof of the proposition 2.1 we have (2.4), that

is:
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there exists a sequence (Z} ), strongly converging to z* such that

lim sup £ (&%) < fo*(2*).

n—r00
But, for any sequence (z,), strongly ( respectively weakly) converging to

T,, we have:

limsup fo(2,) < fo(z,) and:

limsup[fa(es) + fo*(85) ~ (0, 87)] < folwo) + £o7(2%) = {wo, ™).

=00

So for any sequence (z,), strongly { respectively weakly) converging to x
we can prove that, as in proposition 2.1, there exists an integer n(e) such

that for any n > n(e) &} € 8, fo(x,) with (%), strongly converging to z*.

Therefore (2.9) holds. 4
Moreover we have the following global results:

Corollary 2.2

Let (fn)n be a sequence of U'y(X) such that:

(2.1) for any ¢ € X, for any sequence (), weakly converging to « in X it
result: Hﬂioiéffn(:cn) > fo(x).

1f:

(2.10) for any x € dom f, and any sequence (z,,), strongly converging to z in

X it results:  limsup fo(x,) < fo(x)

n—oo

then:

(2.11) O:fo(2) C 5~ Liminf@efn(wn) forany e > Q, any x € domf, and any

sequence (&, ) strongly converging to z in X

( that is the sequence of g-subdifferentials is sequentially lower convergent

to 0.1, ([12]). o
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Corollary 2.3
Let (fn)n be a sequence of T,(X) such that f, = Tyeq(w)lim f,.
Then:
(2.12) 0. f(x) T s — Liggfﬁsfn(:cn) for any e > Q, any ¢ € domf,, any

sequence () weakly converging to x in X. i

An interesting result, already known in finite dimensional space ([7]), is

obtained if the sequence is constantly equal to f.

Corollary 2.4

@

If f € I'y(X) is sequentially weakly continuous then:

(2.13) Ocf(z) C s — Liminfd, f(x,) for any e > O, any & € dom f and any

sequence (&, ), weakly converging to z in X

{ that is the multifunction 9. f is sequentially lower semicontinuous ([12]})4

Remark 2.4

This result is of a different type with respect to the one of A. Bronsted -
R. T. Rockafellar ([3]) which approximate points of Graph 0. f by points of
Graph 0f ( dependent from ¢), whereas we give a result ( independent from
¢ and "uniform” in some sense) which is stronger than the approximation

of Graph 8f by Graph 8. 1.

§3. Upper convergence of the sequence (3. ;)

By adaptation of Matzeu’ s results we obtain obvious global results for

sequentially upper convergence of the z-subdifferentials.

FProposition 3.1

Let (fn)}n be a sequence of To(X) such that f, = I';, (w)lim f,.
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Then:
(3.1) & — Limsupde fo(@n) C 8. f,(x) for any € > O, any © € domf, and

any sequence (), weakly converging to x in X . i

Remark 3.1

The assert (3.1) means that the sequence (8€ fr),, is sequentially upper con-
vergent to 3. f, ([12]).

If the sequence is constantly equal to f we have:

Corollary 3.1
If f € TW(X), then:
(3.2} s — Limsupd. f(z,) C 8. f(z) for any e > O, any & € domf, and any

sequence (T, )n weekly converging to x in X

( that is the multifunction 8. f is sequentially closed graph ([12])). i

Remark 3.2

Let (£n)n be a sequence such that (e,),, \, € and (,,), C BRt. Let us note
that in the results of §2. and §3. &, f,(2,) can be substituted for e folan).

§4. Stability and ¢- multipliers

We give an application of the previous results to problems of mathematical
programming, in order to complete the results obtained by T. Zolezzi in [18]

about approximation of the subdifferential of a ma,rgihal function.

4.1 Statement of the problem ([181)

{£,) The original problem with perturbation u e R* consists of minimizing

Jo() for @ € X with the constraints Giolz) Sujyi=1,.. k.
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(P,) The nth approximating problem with perturbation u is defined as
the original one with f, and g;, instead of f, and g, respectively for
n=1,2,,.. where: f:X — (—oo,-Foo] and gin: X — (=00, +00)
are given sequences of functions.

The case u = 0 will correspond to the unperturbed problem.

We shall denote by gn(z) the vector of constraints (gi(%),...,gxn(x)),
by gn(z) < u the inequalities gin(z) < u; for i =1,...,k and by gnlz) < u

the corresponding strict inequalities.

The nth admissible region is defined by
Dy{u) = {z € X such that g,(z) < u}.
As in [18] we denote the nth marginal fuﬁction by
puiu) = inf fo(Dn(u))

and by Q(e) the corresponding set:

Qe) = U {z € X such that f.(z) <e¢, gin(z) <c¢, i=1,...,k}

n=0
for any real e.

Then we have:

Proposition 4.1.1

If the following conditions are satisfied:
(4-1) (c) is sequentially weakly compact for any real ¢
(4-2) fo =I5 p(w,s)limf, and g, = [seq(w)limg,
(4-3) for any n > 0 [, g are convezr and weakly lower semicontinuous

(4—4) there exists x, € domf, such that g,(zx,) < O
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(4-5) there exists u* € R* with u* < 0 such that
Do(u") is nonempty and f, is proper on D,(u*)

then:

(4-6) Limsup@.pn(us) C 8:.po(0) for any e > O and any sequence {(tr)n

n—0o0

converging to zero

(4=7) 8.p.{0) C Liminf@epn(un) for.any € > 0 for any sequence (u,)n,

converging to zero.

Proot:

As in [18], from (4-1) to (4-5), we deduce that:
— for any n the function p, is proper, convex and lower semjcpntinuous
— Po =15, lim p,.

Therefore we can apply the proposition 3.1 and the assertion (4-6) holds.

In order to prove (4-7) it is sufficient to show:
0 € dom p, and for any sequence (un)n converging to zero it

results:  limsup pp{un) < p,(0).
n—+oC

Irom assumption (4-4) it is easy to show that p,(0) is finite,

s0 B € dom p,.

Then for any £ > 0 there exists z. such that:

Jo(@e) < po(0) + € and g,(z.) < 0.

We have two cases to consider:

i) gio(ze) < Ofori=1,2,... .,k

ii) there exists * € {1,2, ..., k) such that . Givo{ B ) =0.
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In the case i), from the assumption (4-2) we have:
there exists y, — . such that fo(y.) = fo(ze) and gn(yn) = go(z:)-
Since the sequence {g,(¥n) — %n)n converges to g,(«.) < 0 we have:
there exists B such that for n > 7 it results:
Gn(yn) —un <0 thatis y, € Dulus).

But from p,(un) < folyn) we obtain limsup pa(un) < folz:) < po(0) +¢.

00

Now, let us suppose we are in the case ii).

Let z, the point satislying the assumption (4—4). Then:
- 0 < fo(x,) the point:

Ze = {1 —a)ze +az, with 0 <a< 7 £ €]0,1]

o(ﬁf'o) +e41
is such that:
falze) < pol(0) + 2e and go{ze) < 0

and by similar arguments to the ones used in the case i) we have:

lim sup pr(un) < folze) < po(0) + 2.

— If fo(®,) < 0 we can consider the following auxiliary functions:
Fn() = fn() - fo(mo) for any n € N.
Therefore there exists . such that fo(t.) < po(0) + 2¢ and g,(t.) < 0.

Hence we have again  lHmsup pp{u,) < po(0) + 2¢.

n—oo
We can conclude that for any sequence (u,), converging to zero it results:

lim sup pp(ty) < po(0) and we may apply the proposition 2.3.

N—r00
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AN ELEMENTARY PROOF OF A CLGSED GRAPH THEOREM ON NORMED W-SPACE

Nota di Endre Pap and Charles Swartz
Preseontata dal socio Paclo de Lucia
Adunanza del 11/5/1891

Atstract. In this paper we shall give a version of the Closed Graph Theoram
whose proof does not use the cetegory arguments and which is quite elemen-
tary and need only some basic properties of the Qperaturs ont normed spaces.

Rigssunto. Si da una versione del Teorema del Grafico Chiuso nelle cui dimo-

strazione non si fa uso della teoria delle categorie di Baire.

In many introductory functional anatysis texts the Closed Graph Theorem
(and its close relative, the Open Mapping Theorem) are proven by using Baire

Category arguments (J2), [6], [8], [9]). In this note we present a version
of the Closed Graph Theorem whose proof does not rely on category argu-

ments and uses only basic properties of normed spaces.

Throughout this note let X and Y be narmed linear spaces and let T
X =¥ Y be a linear map. Qur notation and terminology is standard and will

essentially follow {8). The domsin of the adjoint of T,1', is {y' e Y T
is continugus on X 3 - O @Y, and T : §)(T) — X' is defined to be T'' -
y'T. e have the following properties of adjoints.

Proposition 1. (@) T' :§) (Th— X' is a closed operator.
(b) If T is closed, then(y (T} is weak dense in Y'.

For (a), see IV. 8.3 of [B] and for (b) see IV. 8.1 of [81 The proofs of
these results are straightforward and use enly standard facts from introdu-

ctory functional analysis.

For our proof, we also require

Proposition 2. Let S be a linear map with domain §3(S) € X and range in Y
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with Y complete. If S is bounded and ciosed. then ) (S) is (norm) closed.

Proaf: let xe () (5) and pick {xﬁl < §) (S) such that x4 ¥ X. Since Il sx; -
SX} bz Hsh dlx, - x; o ink", is cauchy and, therefore, converges Lo
some y€ Y. Since S is closed, xg 0¥s) and v = Sx. Theretare, 6)(5) is closed.

We need one further result of E. Pap on adjoint operators ( [h] ). A se-
gquence ixdklj in X is called a A -sequence if every subsequence of {x*}

has a subsequence {x,,k} such that the subiseries
ol
2 %n
4 *
converges to an element of X. A ¥ -sequence chviously converges to 0, and

if X is a Banach space, then any segquence which converges to 8 is a ¥ -
sequence { I 1} an — 0, then given any subsequence pick a subsequence

RERIEY
k=1

There are, however, spaces which are not complete but have the property

that a sequence {x_k} converges to 0 if and only if it is a K -sequence

ix "“kl satisfying

( ]:3] ); such spaces are called K—spaces.
Theorem 3. (Pap) If X is a -space, then T' : §) (T — X' is continuous.

For the sake of completness we shall give here a sketch of the proof.

for more details see [1] and also [5] (with a different approach but also

elementary).
It suffices to prove that if {y"‘% < 0)(T" and v )] < 1. then {T'y": }
is bounded. We take x; € X such that x|} - % and i7" Jle < T, x>
[

+ 1.
Hence, it suffices to prove that {( Ty ,x;)E is bounded, i.e. that if
{t ;} is positive sequence of scalars which converges to 0, then, as i — 80}
B CTVD XY = Bolet 2,0 - < Vi 7LV x;y  (LielN. It is easy
tu see that {z (;] s a X-matrix, ie.

(D Ef'_'m z;i =z, exists for each j and

(D) for each subsequence {mj} there is a subsequence SLn)} of

tm}} such that {oi - & is Cauchy.
J=1 ¥
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Then the Basic Matrix Theorem from [1] . 311 (afF [ZL‘)'] is a ) -matrix,

then lim zpo - 0. with a quite elementary and easy proof) impliss
L T 1 = ] =
t.;( Tyd,x‘:} —» 0 as i = eo,

lle now have the machinery in place to give our version of the Closed

Graph Theorem.

Thearem 4. tet X be a W -space and ¥ reflexive. If T : X— ¥ is closed then

T is continuaus.
Proof: We first show that 89 (T) = ¥'. By propasition 1 (0), 8 (7" is weak
dense since Y is reflexive. By Theorem 3 and Proposition 1 (@), 7' is closed
and continuous, and, therefore, by Proposition 2, §) (T is norm closed. But
@(T') is a linear subspace and, therefore, has the same closure in the norm
and weak topologies ( [8] III. 6.3). It follows that & (T) - V"

since || Tx}} - Sup{k VIl v 1) = sup {]cT'y'.x)f vl e 1}
< Jix} sup {]]T'y' e ') < 1} =T itxl}, T is continuous.

The "usual" form of the Closed Greph Theorem for normed spaces requires
that the domain space X and the range space Y be complete ( 2] fﬁ] )
fﬁ} . [9] }. Thus, the version of the Closed Graph Theaorem given in Thecrem
[h] can be viewed as a result in which the usual assumption oo the domain
space is relaxed from X being complete -ta X being a ) -space but the assum-
ption on the range space is strengthened from completeness to reflexivity.

It should be pointed out that ﬁ] contains a version of the Closed Graph
Theorem when X is a (normed) ¥ -space and ¥ is a B-space. However, the
proof aof the Clased Graph Theorem in [7] is not elementary; in place of
standard Baire Category Methods, it uses Kein-Smulian Theorem to show that

HTY=v.

103



M

[

[3]

4]

[s)

{e]
)

(¢}

fa}

REFERENCES

P. Antosik and C. Swartz, Matrix Methods in Analysis, Springer Verlag.

Lecture MNotes in Mathematics 1113, Heidelberg, 1985.

J. Conway, A Course in Functional Analysis, Seringer Verlag, Heidel-

berg, 1985.

C. Klis, An example of noncomplete normed (K)-space, Bull. Acad. Polon.

Sci., 26 (1978), 415-420.

E. Pap, Functional analysis with K-convergence, Proc. of Conference

on Convergence, Bechyne, 1984, Math. Research 24, Akademie-Verlag

Berlin, 1985, 245-250.

E. Pap, The - adjoint operator and K-convergence, Rev. of Research

Fac. Sci. N. Sad 15, 2 (1985), 51~56.
4. Rudin, Functional Analysis, Mc Graw Hill, New York, 1973.

C. Swartz, The closed graph theorem without category, Bull. Australian

M.S., 36 (1987), 2B3-288.

A. Taylor and D. tay, Introduction to Functional Analysis, Wiley and

sons, New York, 1980.

K. Yosida, Functional Analysis, Springer Verlag, Heidelberg, 1966.
E. Pap, Institute of Mathematics, University of Novi Sad.

C. Swartz, Department of Mathematical Sciences, New Mexico State

University.

104



UN PROBLEMA DI CONTROLLO AI LIMITI
PER LTEQUAZIONE DELLE CORDE VIBRANTI

Nota di Angela Maria Forenza e Salvatore Gluga
Presentata dal Socio Guido Trombetti

Adunanza del 1/6/91

Abstract. In this paper a optimal control probklem with qua-
dratic cost functional for the vibrating string eguation is
considered.The boundary conditions are governed by the solu-
tion of a linear differential equation involving the control.
A characterization of optimal control are derived.

Riassunto. In gquesta nota si considera un classico problema
per l'equazione delle corde vibranti nel gquale le condizio-
ni laterali si esprimono tramite la soluzione di un sistema
di equazioni differenziali lineari contenenti il controllo.
Assegnato un funzionale gquadratico(costo),dipendente dal
controllo sia direttamente che tramite le soluzioni del pro-
blema lineare e del problema per l'equazione delle corde vi-
branti,si dimostra 1l'esistenza e l'unicita del minimo di ta-
ie funzionale{controllo ottimo);si stabilisce una condizio-
ne necessaria e sufficiente di ottimalita e si deduce una
rappresentazione implicita del controllo ottimo.

1-Posizione del problema

Siano A(t)=(aj,j(t)} e B(t)=(bj,k4(t)) matrici rispettiva-
mente m x me m x ki cul elementi sono funzioni continue
nell'intervallo [0,T] e sia U=L2{O,T;RK} lo spazio delie
funzioni vettoriali a k componenti a guadrato sommabili in
[0,T ] (spazic dei controlli).Denotata con z{t) una fun-
zione vettoriale ad m componenti definita in [0,T } e con
ul{t) un elemento 4di U,cohsideriamq il sistema di_equazionir

differenziali lineari:
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(1) z'= A(t)z + B{t)ult)
con la condizione iniziale:
{2} z{0)= 2z,

Per ogni ue U il sistema (l)con la condizione (2}ammette

un'unica soluzicne,diciamola z, ,rappresentata (cfr.(1)):

T C
z, (t) = ol{t,0)z, +[¢(t,s)B(s}u{s)ds
0

dove ¢ & la matrice di evoluzione generata dalla matrice A.

Se C & una matrice costante 2 x m,per ogni u & U,poniamo:

V}n(t)

(3) vit) = =C
Vz(t)

zylc}(t -~ )de.

O et

Sia ora D il rettangolo delpiano {(0O,t,x ) definito dalle
limitazioni:
0= ¢t= T ; 0= % =L
Consideriamo (cfr.(3)} il classico problema della ricerca
di una soluzione y{t,x) dell'equaziohe
52 1 &

2
=0 : = - ——
() =Y ° 5w T2 be

verificante le condizioni:
(5) y(t,0)=vy(t) ; v(t,L)=vy(t)
(6) y(0,x)=0 ;i B.Y(0,x)=0 (a=a/at),

Tale problema ammette in D una e una sola scluzione che
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si pué indicare cen ¥Y,(t,x) in modo da mettere in rilievo

la sua dipendenza dal controllo u e che si rappresenta nella

forma:
t
_2a KTE x amk (t- ©)
Yult,x) = 55— 2 sen = ~" [(v; (0-(-1)kvytd bsen T T4
k=1 L 2 L

In conclusione, per ogni w&U la soluzione del problema{l)—

(6) consiste nella coppia (zu(t),yu(t,x)).

2-I1 problema di controllo

Associamo al problema {1)—{6) il seguente costo guadratico:

TLL _ T
J(u) = J{JRi(e,%; g)yy(t, §)yylt, ¢ ddxdede  + [<E(t)u(t),
Ry L L 0
(7) L;(.t}>dt -+ gngtx, E}Btyu(T,X) atyu(T, £ )dxd +
oj <Ht)zy(e),zyle)>de + < Hyz (T),2 (T)>

dove la notazione <.,.> denota il prodotto scalare e le fun-
zioni Ky,K; Hy,H,,E soddisfano le seguenti ipotesi:

aJky: [0,T 7 x 0,1 Jx [0,1J— R & una funzione continua
con le derivate parziali prime rispetto a tutte le variabi-

li tale che Ky(t,x; £} = Ki({t, ¢ ;x) ed inoltre

Lj' ?Kl(t,x,g)f(x)f(g Jdxdg = 0

00
per oghl te«[0,TJe per.ogni £ €C{ [0,L ];R),essendo
C(LCO0,L];R) 1l'insieme delle funzioni reali continue in
o, 3.

b) K5: [0,L 1% [0,&. ] — R & una funzione continua tale che
L L

JfKp(x, £)a(x)gl c)dxde = 0 e Ky{0,)=K,(L, j=0.
Q0

c) E(t) & una matrice k x k 1 cul elementi sono funzioni
reali continue in[ 0,T 73 ,simmetrica , cioé tale che H{t)=

H*(t)con H* matrice trasposta di H,e tale che

)

A<E(t)h(t) hi{t}>dt >0

per ogni h ELZ(O,T;Rk).
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d) Hl(t) é una matrice m x m i cui elementi sono funzioni
sommabill in [0,T J,simmetrica e tale che

T
[ < Hjt)k(t),k(t) >at = 0
0

per ogni ke C([0,T];RM);
e) H, é una matrice m x m ad elementi costanti,simmetrica

e tale che < sz,k > =0 per ogni costante k in RW |,

Dalle ipotesi a) — e} consegue che,per ogni u appartenen-
te a U risulta J{u) = 0 onde si pone il problema di con-

trollo ottimo consistente nello stabilire se il funzionale
J{u) & dotato di minimo in U e nel determinare gli eventua-

1i controlli minimizzanti J{u).

3- Esistenza di un controllo ottimo

S8i verifica,tenendo conto delle ipotesi poste,che il funzio-
nale J{u) & strettamente convesso in U.
Osserviamo inoltre che l'operatore

z: uer?(o,mRY ) — zylt) & CCLO,T 1;R™)

con C({ [0,T];RM) munito della topologia della uniforme con-

vergenza € continuo.
Essendo infatti

T

zylt) = @ (t,0)z, + | &(t,s)B(s)uls)ds
0

u

per provare l'asserto basta verificare che,posto:

t
F(u) = [o(t,s)B(s)u(s)ds
0
risulta
e leiro,zyy = kIullg2 (o,
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per ogni u eU e k costante positiva non dipendente da u.
Posto M=max [¢ {(t,s)B{s) | con t,s & [O0,T},si ha:

t T

fp(t,s)B(s)uls)ds| = M [[u(s)ids =

0 0

MT}'/Z(IEU(S)[zdS)]'/z = kH u ll LZ(O - (k:MTl/2)
[
Dungue l'coperatore Z € continuo.
Essendo inoltre
Vl(t) t
vit)= = cfzy(T)(t-v)dw
vo(E) 0

dalla continiutd dell'operatore Z si deduce anche la conti-

nuita dell'operatore:

V : ueL?(0,T; RK ) —» vit) e ¢l [o,? 1;R?)

e cloé dell'operatore che al controllo associa 1 dati late-

rali del proklema iperbolico.Poiché,come & noto,y, e akyu

dipendono con continuita dalla coppia dei dati laterali,
dalla continuitd dell'operatore V si deduce anche che y, e
atyu dipendono con continuitd dal controlio u.

In altri termini scno continui i seguenti operatori:

A :uel?(0,T;R%) 4 vy ec(ro,T7x 0,0 1;R)
A uel?(0,T;RY) 5 &y e c(fo,T 1 x[ 0,L];R)

Dalla continuita degli operatori Z, A, A si deduce che il
funzionale J(u) é continuo in U.

Dalle ipotesi poste si deduce infine che il funzionale J(u)
& coercitivo in U.

Ne segue,in virti del teorema di esistenza e di unicitd del
contrelio ottimo relativo ai funzionali strettamente con-
vessi,coercitivi e semicontinui inferiormente (cfr. (2) ),
l'esistenza e l'unicitd del controlleo ottimo u ,ciod del
controllo u tale che J(U)=infJ(u) v u e U.

Un semplice calcolo esprimente la necessarieta dell'annul-

larsi della derivata secondo Gateaux di J{u) (che nel caso
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di funzionali convessi é anche sufficiente)conduce alla se-

guente condizione necessaria e sufficiente di ottimalita:

L
(v (£, %) -y (t,x) ded[Ry (£, x5 )y (E, §)dE +
0

D il
L L
Sotyu(T,x)—yﬁ(T,x) }dx%xz(x;z)yﬁ(T. £)de +
(8) .
jo< zu(t)-zﬁ(t),Hl(t)zﬁ(t) >dt + < zu(‘I')-zﬁ(T},szﬁ(T)H-
T
jo< u(t)-G(t),E(t}0(t) >dt = 0. ( YueU)

4~ Caratterizzazione del controllo cttimo

Denotiamo con (p(t,x),y (t))le stato aggiunto di (y(t,x),z(t))

definito come scluzicne del seguente problema:

L
(4%) op =) Ky (t,x; £)y(t,8)dL
0 u
(5) p(t,0)=0 ; p(t,L)=0
* 2 L
(67) p(T,x)=0 ;3 p(T,x)=-a" | K, (x,E}y-(T, & }d¢
t o 2 u
t
(1") Wwr=-a¥(t)w ~C* [wlT)(t-t)dT+ Hy(t)zg(t)
T
a plt,0)
wit} =
- axp(t,L)
*
(27) W(T) = - Hyzo(T)

dove (yﬁ r 25 ) é la soluzione del problema {(l)+(6) corrispon-

dente al controllo ottimo U.
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Utilizzando questo stato aggiunto si ottiene la seguente

caratterizzazione del controllo ottimo.

Proposizione 11 controlloottimo 0 si rappresenta nella forma
- -1 *
u(t) = E "(£)})B {t) ¢ (t)

essendo P la soluzione del problema (1%),02%).

Dim. Premettiamo che,nelle ipotesi poste,sussiste la seguen-

te formula di Green's:

II(P(t,x) oy(t,x) - v(t,x)oplt,x))dxdt =
D
T

_2 L
y(t,0) & ptt,0))dt + a %(P{T.X)Eiy(T,x) - Y(T,xP p(T,x)

- (p(O,x)iaty(O,x) - y¥{0,x) atp(O.X)})dx.

Applicando questa formula alla coppia (P;Yu-yﬁ) ¢con p sclu-

zione del problema (4*)~+(6*) si ottiene:

L
g(yu(t,X) - ya(t,x)}dxdtg K (t,%; £)yelt,0)de +

L L
gtyu(T,x) - vg{T,x))dx %Kztx,a Jyz(T,x)de -

T — —

g((vltt) - v e)) axp(t,O)-(vz(t)-vz(t))E;p(t,L))dt = 0.

Conseguentemente la condizione di ottimalita (8) si pud

riscrivere nella forma:

T
£< zu(t)-za(t),Hl(t)zﬁ(t}>dt + <zu(T)-zﬁ(T),H2zﬁ(T)> +
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T ST
(9) +[< ule)-Ult),E(e)}T(t) >at - f< v(t)-T(t),w(t} >de=0.
0 : 0

D'altra parte risulta:

T t
[evi{t)-Vit),wit) >dt=’I§<C J(z & )-z-(T) ) (t-r)dmwit)>dt
0 0 o Y u

T T *
= [dx| <z ( T)-zg( O){t- ©),C%w(t) >dt =
0 T u

. * T .
<zu(T)_zﬁ(T) , C I_I[}w(t)('t-t)dt'bn d—c =

[l | O'—_"ﬂ

<z (th-z=(T), - W' (e)-A Ty (o) + H @z tc) >dv =

T
= - <z, (T)- zg(T) , w(T) > +{ < (z -z} (T ), wlr)>dT

0
T . _ T
- g<zu(-t)- 25 () ATCO)@ (T) e+ 6[<zu(1)-zﬁ(~|:) ,

Hl(T)Zﬁ( T) >»>d~ =

T
- <Zu(T)- ZE(T) P (T > + 0[<B(T)(u(’t)-ﬁ('€),4) {(t)>dv

I}

+ ﬁ <zu('1:)*zﬁ('c) 'Hl(”dzﬁ( o »d~.
0

conseguentemente la (9) si pud ancora riscrivere nella forma:
T _ T N
f< u(t)- TQ(t),E(t)T(L) »dt - [ < u(e)y- T(t),B (t)p(t)>dt
0 0
= 0 :

cioé nella forma:

T

[ < utt)- G(t), E(t)T(t)- B™(
0 ,

tiyg(t) >dc = 0 (vu U ).
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Di gqul si trae:
E(t)T(t) - B (t)w (t) = 0

e quindi l'asserto.
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SU UNA SOLUZIONE FEEDBACK IN UN PROBLEMA
DI CONTROLLO PER L’EQUAZIONE
DELLE CORDE VIBRANTI

Nota di Salvatore GIUGA
presentata dal Socio Guido TROMBETTI
Adunanza del 1/6/1991

ABSTRACT. In this paper o boundary control problem with qua-
dratic cost for the vibrating string equation with boundary condilions
given by the solution of a linear differential equation involving the
control is considered. Using the results of [1], the existence and wni-
queness of the solution both for the Hamilton type systems are dis-
cussed, The form of the feedback for the optimal control are derived.

RIASSUNTO. In questo lavoro si considera un problema di con-
trollo ottimo con costo quadratico per equazione delle corde vibran-
ti; utilizzando i risultati di {1], si dimostra l'esistenza e 'unicita per-
il sisterna di tipo Hamilton associato e si ricava la forma del feedhack

lineare per il controllo ottimo.

Introduzione In {1} AM. FORENZA e S. GIUGA hanno dimo-
strato un teorema di esistenza e unicitd per il problema di controllo
ottimo che richiamiamo qui di seguito.

Indichiamo con: T un numero positivo; A(t) e B(t) matrici rispetti-
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vamente m X m e ™ X k con elementi in CO([0,T)); zo un vettore
‘di R™. Introduciamo il sistema differenziale:

dz
(1) T = Az + B(u(t);  2(0) = 2

dove il vettore u € L2(0,7; R*) & il controllo del nostro problema.
Siano poi: ¢ una matrice 2 x m ad elementi costanti; vy e vf due
vettori di R%. Indicata con z, la soluzione del sistema (I), poniamo:

(IT) vy(t) = (Ul(t)) = vy + vyt + /: Cazy(7T)(t — 7)dr

e, detto L un numero positivo, consideriamo il seguente problema

per Pequazione delle corde vibranti:

Oy — 2y =0
(IIT) y(t,0) = vi(t); y(t, L) =wv(t) t€l0,7)
y(0,2) =wo(z); Ow(0,2) = yy(z); 2 €l0,1]

doveryo(z) € C([o, L]),y(’)(l) e CO([0, L]); inoltre:

() == () -

Indicata con y,(%,z) la soluzione del problema (11I), introduciamo il

funzionale costo:
J(u) / dt/ d$/ I(I t,x E?}u t l)yu(i 5) d¢
n /0 dz fo Ko (2, €)yu(T, 2)yu (T, £)dE
T
+ /0 (Hy ()2 (1), 2 (0)) dt + (Hoza(TY, 20 (T)
T
+ j (B(tyu(t), u(t)) di
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dove <> denota il prodotto scalare tra vettori numerici; inoltre:

i) K1(t,z;€) e Ky(z;€) sono nuclei continui, semidefiniti positivi e

simmetrici rispetto a z e a £; inoltre risulta
K (2,0;8) =K1(t, L;§) =0 vt €[0,7]
K2(0;€) =Ko (L;£) =0

i1} Hy(t) e Hy sono matrici mn X m semidefinite positive e Hy(#) ¢ a

elementi continul.

ili)E(t) & una matrice k X k definita positiva ¢ ad elementi continui.
In (1] i dati vg,v} , yo(z), yh{z) sono stati supposti nulli; cid &
inessenziale ai fini del risultato, che & espresso dal:

TEOREMA I Nelle ipotesi 1), ii), iii) esiste wn unico controllo
u € L*(0,T; R*) tale che:

J@y < Ju) - Yue L¥0,T; RY)

In questa nota dimostro il:

TEOREMA II Il controllo ottimo i ¢ rappresentabile come un
feedbak lineare della forma:

L L
a(t) :./ S1(t, 2)ya(t, 2)dz + f So(t, z)0yalt, x)dz
i 0
+S3(t)va(t) + Sa(Hvg(t) + Ss(t)za(t)
La dimostrazione del Teorema IT & contenuta nel n.5. Nel n.1 si
introduce lo stato aggiunto del sistema e viene riportata una rappre-

sentazione del controllo ottimo ricavata in [1]; nel n.2 si introduce
il sistema di tipo Hamilton e se ne dimostra Punivoca. risolabilita; .
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nel n.3 si stabiliscono alcune formule di rappresentazione, tramite le
quali, nel n. 4, il sistema di tipo Hamilton viene ricondotto ad una
equazione integrale di Fredholm; cid consente, insieme alla fermula
richiamata nel n. 1, di pervenire alla dimostrazione del Teorema II.

1. Lo stato aggiunto Sia u(t) un controllo e (zy(t),yu(t,z))
la corrispondente soluzione del sistema (I), (IT), (III).
Sia pu(t,x) € C([0,T] x [0, L]) la soluzione del sistema:
([ 52 2 t
Oyp—0Ogp= | Ki(t,@: Eyu(t, €)dE
G _
1) { p(t,0)=p(t,L)=0 te[0,]

i n
p(T,z) = O; @mﬂm:—llm@am@@%

8

poniamo inoltre:

12) w@:(iﬁa%)

e, indicate con A*(t) e C* le matrici aggiunte di A(t) e C' rispettiva-
mente, consideriamo il sistema differenziale:

T
(1.3) le—(‘: == A"(t)p + Hy(t)zu(t) + C° _/t (t — T)w(r)dr

o(T) = — Hyzy(T)

la coppia (pu,p.) soluzione del sistema (1.1), (1.2), (1.3) & detta
stato aggiunto per il nostro problema. In [1] & stato dimostrato il:

TEOREMA III Il vettore u € L%(0,T; R*) coincide con il con-
trollo ottimo se e solo se risulta:

(1.4) u(t) = E(t) 7' B(t)*pu(t)
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2.

I1 sistema di tipo Hamilton Siano: s € [0,T[; z, €

R™; v, 0l € R2; y(z) € CO([0, L))i72 € CO([0,L]). Nel dominio

Ds: )

x [0, L], consideriamo il seguente sistema, che conveniamo

di indicare con Ts(zs,vs,0%, 71,72)

(2.1)

-‘(% =AWz +BOET'B* (t)p(t);  2(s) = 2z

d2 ! !
T =) )= V)=,

Fy—=0 (s,2)=mls) Ow(sz)= (o)
¥(t,0)= n(t) y(t,I) = ()

I
B2 — Op = /0 Kt @ €)y(t, €)de

oL
p(T,2) =0 Op(T,a) = — j Koo (; €)y(T, €)d

p(t,0)=0 p(t,L) =0

%8 - A (@yp+ IL(1)z(0) T

C*l (t - )( "’f;z;_og))m

[ p(T) = —Ha2(T)

nel vettore incognito (z,v,y,p,p). Vale la:

PROPOSIZIONE 2.1 Il sistema:

EO(Z(]’UO:'UB? yg(ﬂi‘),y{)(ﬂf))

é univocamente risolubile e lao sua soluzione é il vettore

Xﬁ = (Zﬁavﬁ:yﬁ:pﬁigaﬁ)

L4

it essendo 1l controllo ottimo.
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DIM. Che il vettore Xy sia soluzione del sistema é conseguenza
diretta del Teorema III. Viceversa, se (z,0,y,p,) & soluzione del si-

stema, posto:

(22) u= BB (el

si verifica subito che z = z,,0 = vy, ¥ = Yu, P = Pu, @ = @u. Dalla
(2.2) e da Teorema III segue allora che u = 4.

Dalla proposizione ora dimostrata discende 'altra:

PROPOSIZIONE 2.2 Il sistema:

(2'3) ES(Zﬁ(S), Uﬁ(s)i ’Ui;(S), y'&(sa SL‘), ai'yﬂ(‘g? :L))

é univocamente risolubile e la sua soluzione & la restrizione del vet-

tore X5 al dominio D;.

3. Formule di rappresentazione Fissato s € [0,T], conside-
riamo, nel dominio D = [0,T] x [0, L], il problema:

atgy - aiy = f(t,2)
(3'1) y(£,0) =0 y(t,L)=0
y(s,z) =n(z) Gwy(s,z) = 1(z)

dove v;{z) € CO(0,L), i = 1,2, e f(t,2) € CO.

Indichiamo con Yi[y1,72,0, f] 'unica soluzione debole del proble-
ma (3.1). Se, assegnata una funzione h{x) nell’intervallo [0,L], indi-
chiamo con }u?,(:n) la funzione dispari, periodica di periodo 2L, coinci-
dente con h(z) in [0, L], & noto che risulta:

(32) Vb0 1= 5 Che+t— )+ (- 5)))

1 z+t—s epi—7
—1—5/ Yo (&) dE + = / dT/ 'rf dE
z-(15) —{t—7)
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Utilizzando sviluppi trigonometrici si perviene alla seguente altra
rappresentazione:

o] . L
Yslv1, 72,0, fl(t, z) = —% Z sin kwz cos kw(t — ) / 1 (€) sin kwé dE
k=1 0

2 — sin kwz sin kw(t — s) L
+=) /G 2(£) d

k
k=1

[e0] - 1 oL
+;2r_§s1n:wiﬂ£ dq-/o flr, &) sinkw(t — 7)sin kw(€) df

dove si & posto w = 7/L. Introducendo 1 nuclei:

2 <A sin kwe sin kw{t — 7) sin kw
G(t,z;7 f)ﬂ——z }E ) ¢

k=1

G'(t,zy7,6) = O G(¢, =57, €)

possiamo allora scrivere:

L
(33)  Yalyie0, fl(t,2) = f G/ (1, 35, € (€)de

+f Gt 735, ) (6 )d£+/d7/ (i, €)F(r, €) de

Il nucleo G' & una funzione costante a tratti; il nucleo G’ & una fun-
zione generalizzata. Entrambi poi sono simmetrici rispetto a z,£ .
Vale la seguente:

PROPOSIZIONE 3.1 Se h(t, z;s,£) indica G(t,z;s,€) o
G'(t,z; s,&), allora risulta:

L
(3.4) fo h(t,& 5,6V K\ (t, 2;€) d€ € CYY(Dx D)
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L
65 [ M6 €Kl g d € CO0,1]x D)
0
DIM. Per la simmetria del nucleo G, da (3.2) e (3.3) traiamo:
L L
/0 G'(t,&; 5,8V E(t, 2, £) dE = _/0 G'(t, €' 8, ) K1 (¢, 7€) dE

= : (Bl me +1-9) + Kl mg — (- 9)

da cui la (3.4) con h = G’ essendo, per l'ipotesi i}, qu’l(t, z; £) continua
in D x R. Allo stesso modo si procede per la (3.5) e per h = G.

Consideriamo ora, nel dominio Dy = {s,7"] x [0, L], il problema:

Oy — 82y =0
(3.6) y(s,z) = aiy(s.:w) =0 |
y(t,0 o
(;((t L))) =v(t) o(t) € C[s,T))

e indichiamone con Y;[0,0,v(t), 0](f,z) I'unica soluzione. Introdu-

ciamo poi la matrice:
6(t, x;s) = (01(t,z; s), Oa(t, 25 5))
dove:
91:-—(1315 et 1-£) 4
i) = (1= ) =9 - [ Geme0(1-7)

oL

0 (t,7;5) =7 (1 — 9) _/

0

(3.7)
Glt,2;5,€) % de

Si verifica immediatamente che:

- 6,(t,¢;5) =Y, [0,0, (t“g 3) 0](t, 2)
bu(t,25) =¥.0,0,(, 0 ) 0l(e)
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e che, posto &'(t,z;s) = &,6(t, x; s) risulta:

0! (1, 2;5) =Y4[0,0, (é) 0l(t, )
(3.9) .
05(¢, z; s) =Y,[0,0, (1) ,0](t, z)

Una verifica diretta prova la:

PROPOSIZIONE 3.2 Sussistono le equaglianze:

Y,10,0,0(5),01(t, 2) = (1,3 s)o()
Ys[0,0,(t — s)v'(s), 0](¢, z) = 6(¢, z; s)v'(s)

YS[O,O,f (t — 7)Cxz(7)dr,0)(t, x) = / 0(t, z; 7YCz(T)dr

Nel seguito applicheremo Pultima di tali formule alla soluzione z(t)
del sistema differenziale (I}, la quale ha ’espressione:

O(t, s)z(s) +/l O(t, 7y B(r)u(r)dr

dove ® & la matrice di evoluzione di A(t). Cid posto, dalla proposi-
zione 3.2 traiamo:

(3.10) Y.[0,0, / (= P)CH(r,5)2(s) dr O)( )
_ { f ot 1)CO(r, 5) dr} As)
Y,[0,0, / =y / CO(r,0) B(o)u(o)do, 0](4, 2) =
/S Ot 7)dr / Co(r, ) B(o)u(o)do =

]s t [ /0 i o(t, z; T)c*@(f,a)dqf} B(o)u(o)do
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Se poniamo:

ol
(3.11) n(t, z; 5) :‘/S 0(t,z; T)C®(r,s)dr 1<t
n(t,x;8) =0 s>t

tali formule divengono:
t
Ys[0, 0,/ (t — 7)YC®(r, s)z(s)dr,0)(t,2) =
n(t, z; s)z(s)

Y:{0,0, j; (t—7) [C’ /T &(7,0)B(o)ul(o)do | dr,0](t, z)

5

T
=/ n(t, z; 7)B(T)u(r)dr
Dimostriamo la:

PROPOSIZIONE 3.3 Se h(t,z;7) indica uno dei nuclet
6(t,z;7) ,0'(t,z; 7)o n(t, z;7), allora risulta:

(3.12) f ’ h(t, & 1)K (t, 2 €)dE € CO(D x [0,TY)

(3.13) / ’ MT, & 1)Ko (€, 2)dE € CO([0.L] x [0,T])

DIM. Se h=8 o h=n, la tesi & immmediata, essendo tali nuclei con-
tinul. Per completare la dimostrazione osserviamo che dalla prima

delle (3.7) e dalla (3.2) si trae:
L
T Y= 1 — 2 _ Je _ ¢
Gitain=1-F- [ @ang (1-1) a

=1— (Plz+t—7)+ 9z — (t—7))

b &
B | b
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dove ¥(z) denota il prolungamento periodico di periodo 2L della
funzione dispari coincidente con 1 — ¥ nell’intervallo |0, L[. Abbiamo

dunque:
L L ¢
f 01(t, & T)K; (8, 2, £)dE = / (1 - f) K (¢, z;€)dE
. Jo 0

I
_%/0 (W€ +1—7) 4+ (€ — (t— ) K1 (8, 2;6)dE

Entrambi gli addendi a secondo membro sono funzioni continue; in

particolare il secondo addendo & uguale a:

1 [F Y , .
-5 / YENVIK(t, 28— (¢t~ 7)) + K1 (b, 2, & + 1 — 7))de’
0
e la sua continuita discende dall’ipotesii). In modo analogo si ragiona
per 64.

4. Rappresentazione dello stato aggiunto Sia A{t,z) un
funzionale lineare agente sulle funzioni della variabile z appartenenti
a CO)([0, L]), dipendente dal parametro t € (0,7, tale che:

' L
(4.1) ]O h(t,z) K, (t,z; €)dE € CO(D)

L .
(4.2) /0 (T, &) Ky (z,€)dE € (D)

Sia poi ¢(t) € C9([0,T]). Consideriamo, nel dominio D il seguente
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sistema, che conveniamo di indicare con S(h,():
f ofp — B3p =/L h(t, E) K1 (¢, #; £)dE

p(1,0) =0 0 p(t,L)=0

p(T,z} =0 9yp(T,z) = — /{;L h(T, £} Ko (, £)dE

% e+ B

c* /t ' (t—7) (_agfég;?%)) dr
k. p(T) = — Hx((T)

Per le ipotesi assunte sui dati, il sistema S(h,() ammette un’unica
soluzione (p(t, z), (f)); per essa si ha:

pt,z) € C(D)  p(t) € S0, 1)

come si deduce dalle formule di rappresentazione:

b1 L oL
43 pe)= [ ar [ Gasne)e [ Mremneiod

I L
_ f Gt,2; T, €')de! ] BT, €)Kal(€, €)de
{ 0

i

(44) @) = (¢, T)Hy((T) + /T % (1, 7Y, (r, C(r)dr

+/; &* (¢, 7)dr ./TTC*(T ~0) (fgf;((‘;%) do

Conviene osservare che se 1 dati h(t,z) e ((t) dipendono con conti-
nuita da altri parametri, tale proprieta si trasmette alla coppia so-
luzione. E il caso dei nuclei introdotti nel n.3, i quali, in virtu delle
proposizioni 3.1 - 3.3, verificano tutti le (4.1} e (4.2) uniformemente
rispetto al parametri da cul dipendono.
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Nel seguito, la coppia soluzione del sistema S(h, 0) verra denotata
con:

(1(t,255,6) p1(65,8))  se h(t,3) = G(t,2;5,6)
(p2(t, 33 8,€), 0a(t;5,6))  se  h(t,z) = G(t,2;5,¢)
(ps(t, z; 5), p3(t; 8)) se  h{t,z) =0'(t,z;5)
(pa(t, 3 5), palt; 8)) se  h{t,z) = 6(t,; 5)

Infine, ponendo:
®o(t,7) = B(t,7) per7 <t
$o(t,7) =0 per T >t
la coppia soluzione del sistema S(7(t,z; ), Po(t, s)) sard denotata
con (ps(t,z;s),ps(t;s)). Osserviamo esplicitamente che la funzione
s5(t; 7) non & continua nella coppia (¢, 7), poiché non lo & la funzione
®(t,7). Essa, comunque, appartiene a C(9([0, T]; L*(0,T)).

Una verifica diretta prova le seguenti proposizioni:

4.1  Se h(t,x)=Y,[v1,72,0,0](t,2) allora la soluzione di S(h,0)
é data da:

2 o1,
e =3 / pi(t, 23 5, €yl €)dé
Z f 5, €)74(€) e

4.2 Se h{t,z)=Y,[0,0,v(s) + v'(s)(t — 5),0](t,2), allore la solu-
zione di S(h,0) é data da:

p(t, ) =ps(t, z; s)u(s) + pa(t, z; 8)0'(s)
p(t,x) =@s(t; s)u(s) + wa(t; s)v'(s)
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4.3 Se h(t,z)=Y,[0,0, f:(t— 7YCz(7)dT,0](t, 2), € 2(t)=®(t, s)z(s)
allora la soluzione di S(h, z) ¢ data da:

p(t, z)=ps(t,2;5)z(s) ; ot z)=ps(t; s)2(s)

44  Se h(t,z)=Y:[0,0, [I(t — 7)Cz(r)dr,0)(t, %) e 2(t) =
f: ®(t, 7)B(r)u(7)dr allora la soluzione di S(h,z) ¢ data da:

T
p(t,z) = / ps(t, 23 7) B(r)u(r)dr

T -
o(t) = / os(t, 7)B(r)u(r)dr

Da tali proposizioni, ponendovi 1 (z)=v.{s, z), v2(2)= Sy.(s, z),
si ottiene una rappresentazione per lo stato aggiunto (p,(t,z), ¢ (1))
nel dominio D, tramite lo stato del sistema all’istante t=s e il con-
trollo u(t). Infatti (pu,pu), per (1.1), (1.2), (1.3), risolve il sisterna
S(Yu, zu); poiché in D, y,(t,z) & data da:

Valyu(s, ), Oryu(s, 2), va(s) + vL(s)(t — 5) + / (t = 7)Cru(r)dr, 0]

dalle proposizioni del numero precedente traiamo allora che per ¢ ¢
{s, T] risulta:

I,
pult) = / 1 (15, E (s, £)dE
L
(45)  + fo o2 (t;5,6)0ya (s, E)IE + 03t 5)vu(5)

+pa(ti sl (s) + pultis)anls) + [ st B
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5. Il feedback Sia i il controllo ottimo; poniamo:

L L
@J)m@w%=£ er(tio, (o, 6 + [ alti o, 0alo, )

+oa(t; s)va + @alt; s)vi(s) + ws(t; 8)zals)
M(t;7) = @s(t; T)B(r)E~(7)B* (1)
e dimostriamo la proposizione:

5.1 Sew ¢ il controllo ottimo, allora per ogni s € [0,T] la fun-
zione @y € Vunica soluzione dell’equazione integrale:

T
(53) o) =m(ts)+ / Mt T)p(r)dr te[s,T]

DIM. Dalla (4.5) e dal Teorema III si trae subito che ¢;(t) & una
soluzione dell’equazione (5.3). Essa & anche 'unica. Sia infatti B(¢)
una soluzione di detta equazione.Poniamo:

w(t) =B~ (1) B (5(1)
2(£) =za(s) + ] (1, 7)B(r)a(r)dr

u(t) =vals) + vh(s)(t — ¢) + '/t t—7)CZ(T)dT
h{t, z) =Y.[ya(s, z), Orya(s, ), 5(2), 0]

e consideriamo il sistema S(h,Z). Dalle proposizioni del n.4 segue
che la componente ¢ della soluzione di tale sistema coincide con B.
Indichiamone con B(t,z) la prima. It immediato convincersi che il
vettore:

X = (2,9,h,5,%)
& una soluzione del sistema (2.3). Dalla proposizione 2.2 segue allora,
come volevamo, che §(t) = @z(t) Vit € [s,T).
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Abbiamo dimostrato che Pequazione (5.3) & univocamente risolu-
bile e che la sua soluzione appartiene a C(®([s, T]); inoltre, dai risul-
tati del n.4 ricaviamo che M(t; ) appartiene a C(O{[s,T], L*(s,T)).
Indichiamone con N(¢,7;s) il nucleo risolvente. Dalla proposizione

5.1 traiamo che:
T
(5.4)  u(t) = m(t;s) —I—/ N(t,r;s)m(r,s)dr 0<s<t<T

Indichiamo poi con @;(t; 5,£), © = 1,2 le funzioni che si ottengono po-
nendo, nel secondo membro della (5.4), ¢i(¢, s,£) al posto di m(t;s);
denotiamo pol con @;(t;s), 1 =3,4,5 le funzioni costruite allo stesso
modo a partire dalle ;{t; s). Con tali notazioni la (5.4) diviene:

oL

L N
(5.5) ‘Pﬁ(t):f 951@:3;5)%(3:5)6554'/ @a(t, 53 ) Ovya(s, £)dE
0 0

+@a(t; s)va(s) + Palt; s)vg(s) + @s (4 5)zals) t€[s, 7]

Tenendo conto della continuita dei nuclei @; rispetto alla coppia (t, s),
nel dominio 0 < s <t < T e passando al limite nella (5.6) per s — ¢~
si completa la dimostrazione del Teorema II.
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Su una classe di disequazioni variazionali

di evoluzione del secondo ordine (%)

Nota di M. Biancardi (a Napoli) (**)

Presentata dal socio Guido Trombetti

Adunanza del 16/11,/1991.

Sommario: Si considera il problema di Cauchy per una classe di disequa-
zioni variazionali di evoluzione del secondo ordine. Per esso si stabiliscono
teoremi di esistenza e di regolarita.

Summary: We study the Cauchy problem for a class of second order

evolutive variational inequalities. Existence and regularity theorems are
proved.

Sono dati gli spazi di Hilbert reali separabili Vj, H; ({ = 1,2}, H e gli
operatori v, € L(Vi, H). Supposto V; C H; con Pimmersione densa e continua
e identificato H; al proprio duale, indichiamo con {-,-);, |-l [risp. (), |- |}
il prodotto scalare e la norma di H, [risp. H|, con || - ||; la norma di V; e con
{(-,% [risp. {-,+)] la dualitd tra ¥V, e V' (duale di V}} [risp. la dualita tra V; x V,
e il suo duale].

Sono dati inoltre gli operatori simmetrici 4;, B, € £(Vi, V) pef i quali si

assume:

{*)  Ricerca effettuata con fondi erogati dal MULR.S.T.

(**) Indirizze dell’Autore: Dipartimento di Matematica e Applicazioni.
Facoltd di Ingegneria, via Claudio, 21 - 80125 Napoli.
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?:1) (A;z,z); Z 0 Yz = V; .

(B;z,z)l =0 VZEVI )
iy (Brz,2)1 + Mzl > by || 2 ||} YzeVy (A= cost. >0, b = cost. >0);

(Bazyz)2 203 || 2|3  VzeVy (by= cost. >0).

Assegnati fi € L*(0,T;VY), up € Vi, uyy € H; ed il cono chiuso convesso

K dello spazio H di vertice l'origine, in questo lavoro studiamo il seguente

2
PROBLEMA (P}.  Trovare (uy, us) € [[ H'(0,T;Vi} (0< T < +o0), con

=1
u; € L*0,T; V), tale.che:
(1) w(0) = up, uj{0) =wuy ,
(2} mui(t) —nui(t) e K qo.su ]0,T],

O [ {0, = O+ ) + Bl 50, ) i)t 2 0

2
V{vi, ) € [[ L*H0,T:Vi)  con ~yw{t) — Tv(t) e K qo.su 0,7
=1
Con riferimento al problema (P), che ovviamente ammette al pid una
soluzione, dimostreremo tre teoremi di esistenza (teoremi 4, 5, 6) per i quali,

oltre alle 71}, 13}, supporremo rispettivamente:
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is) Ay € L(V1,V2) i iz = vz Yze V.

fLe L}0, T Hy), f,=0;
id |
i1 €V, Jun €Viimun —mun €K
fleHl(O,T;VD, fz'm0§

uwgo =0 ;

uy €Vy, mup €K

Ajtigp + Brug — f1{0) € Hy .

L’acquisizione di tali risultati si basa essenzialmente sui teoremi 1, 2, 3 relativi
al problema penalizzato (Problema (P,}) la cui dimostrazione si avvale del me-
todo di Faedo-Galerkin ([1], {2], [3], [4], {5], {6]) perturbando opportunamente

I’equazione del problema penalizzato,

Completa il lavoro un teorema di regolaritd “rispetto a z” in un caso

concreto (teorema 7).

1. Denotiamo con Py il proiettore su K nello spazio H e ponia;mb per ogni

(31,2’2) = V1 x Vg
ﬂ(zlsZZ) = (’7131 - "/222) - PK(%ZI - ’Y'zzz) .

Fissato € > 0, poniamo ancora per ogni y = (y1,¥2), 2 = {z1,22) E V1 x V

1
(Le Y, z) = E(ﬁ(zl,zz)} Y1®1 — ’)‘zlz) .

Rilevato che:
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(4) ﬁ = 00,1 (Vl X Vz, H) 3

1
() Bl21,2) = §V|ﬁ(21,22)|2 V(zn,zm) €VixVy @
(8) L, & limitato, monotono ed emicontinuo,

studiamo preliminarmente il

2
PROBLEMA (P.). Trovare (u, us) € [| H*(0,T;Vi), conuy, € L*(0,T; V}),
i=1

in modo che:

(7) (ur,(t), 2101 + > 1 (A (t) + Bl (t) — fi(t), 21+
+§ (B(uhe(t), vhe(t))s 21 — M222) =0 q.o.su 10,7 V(21, z) € Vi x V2,

(8) we(0) = uo, u(0) = vy

Sussiste in proposito il

TEOREMA 1. Nelle ipotesi 7;), 72) il problema (P.) ammette una e una

sola soluzione (u1., us.) e si ha:

2
(9) Z 1 “ Ule ”HI(U.T;VI)S c (C = cost. >0 indip. da E) '
1

DIM. L’unicita della soluzione & ovvia. Allo scopo di provarne I’esistenza,
ammettiamo, senza ledere la generalita, che u;; € V1 e scegliamo una base {z;}
di V; in modo che, detto Vi, lo spazio generato da {z1, ..., 2in}, si abbila u, € Vi
e uyy € V1. Fissato ug; in Vi, stante la (4), un noto risultato sui sistemi di

equazioni differenziali ordinarie scalari assicura, per ogni n € N, 'esistenza di

1) ol simbolo V indichiamo il gradiente compatto ([8], teorema 4.1, pag.303).
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2
un unico elemento (wy,, wan) € H H*(0,T; V) talché:
=1
2

(10) (w;'n(t)? z1)1 + %(w;n(t)? z2)1 + 31 {(Awi(t) + Bl (8) — £(t), 20+

1

1
E('B(w;n(t)! wJZn(t))! M1k — 'hzz) =0 g.0. su ]Oat[ V(zl’ z‘Z) S Vln X VZn H

(11) win(0) = we, Wi, (0) = up .

Per la (10) con 2 = w},(t), portando in conto la (11}, la #;) e la diseguaglianza

(ﬁ(wrln(t)a w;ﬁ(t)), ’hw’ln(t) - ’Yzw'Zn(t)) =0 Vie [Oa T] ’
intanto st ha:
1 ' 2z 2 f I ]
SIOOF 430 [ (Brulu(e), why(s)huds <
1
1 2 1 Z L 2 : ¢ ]
< §.|u11|1 + 7 [tor]s + = E 1 {Agug, wi) + E i f {fils), wi(s)hds Vie[0,T].
n 29 1 0

D’altra parte, sussistendo la seconda e la terza delle i3), si ha anche per ogni

>0

¢ 1 ‘ t
[ 5e)s whaoN)sds < 5o fu Bmomwy +o5- [ [Malwha () + (Bruda(s), wha(o)hlds

t . 1 . o it .
/0 {f2(s), whn(s)ads < o~ || f2 liiaommy o /ﬂ (Bawy, (s), wya(s))zds .

Pertanto

2

SO + 50 (1 2 [ (Bt (o), wiy (s <
2 in 1 - 2bl‘. o tWin s Win 1 =
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I/\

1.2 1 10 b 2
2 ?1 |uul¢ Atum, i)z "’r ~ I A ||L3(0TV)] 261 j; w3, (s)|1ds
&

Vie[0,T] e Vo>0,

da cui, invocando il lemma di Gronwall e le 7;), si ottiene:

(12) M win ooy S €
(e =cost. >0 indip. da € e da n)
2
(13) > lwin lmorm < e
1
2
La (13) implica Pesistenza di (u1., ts.) € HHl(U,T;V;) edi ¢ € L*0,T; H)
I=1 .
tali che, 2 meno di estratte:
(14) wy, — we in HY0,T;V;) debolmente,
(15) - Bl (), who()) — 6 in L}0,T;H) debolmente .

Verifichiamo che (uy,, %2.) & la soluzione del problema {P.). Anzitutto, qualun-

que siano ¢ € C(]0,T[) e 7 € N, risulta:

(f: uy, (1) (t)dt, 215 = (f:"[fh“ls(lf)'ﬂL Buuy,(t) — flt)]e(t)dt, zn+

+E [ oe(e)a, mas) |

([ 1 Asna(®) + Brua ) — ROt zds = [ 00)0(tdat, 1ams)

£J0

grazie alle (10), (14), {15). Valendo 'uguaglianza

U Vin=W,
neN

si ha allora:
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uy, € L*0,T; V)
13 2 .
(16) (wre(t)y 201 + 20 1 {(Avue(t) + Buug, (t) — £ift), =)t
1
1
+E(B(t), N2 -2y =0 qo.su [0,T] Y(z,zm)eVixV;.

Aggiungiamo le convergenze:
(7 win(t) — w,(t) in V; debolmente Vte&[0,T),
(18) win(t) — ui(t) in H; debolmente Vi€ [0,7].

La (17) & causata dalla (14). Per quanto concerne la (18), sussistendo la (12) e

la densita di {;,} in H,, basta accertare che
(19) lim (w], (8), 201 = (Whe(8), ) Ve [0,7].
Sia to € [0,T[. Scelta ¥ € C}[0,T]) con ¢(to) = 1 e %(T) = 0, poiché per la
(10):
(whalto), 7)1 = (= [ winEp(6) do, z)s + (- f WO (0, 21); =
= [} (Avoante) + Brolo ) = 50, 9Ot + 1 [ (B(uh), win(0), B marshe +

—f wln(t 211)]dt Vn = j'

sfruttando le (14), (15), (16), si perviene alla (19) con t = t,. Se t, = T, si

procede come sopra scegliendo ¢ € C'([0,T) in modo che (0} = 0 e %(T) =

Le (11), (17), (18} <i dicono che (uy.,us.) soddisfa alle (8). Disponendo
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della (16}, vale anche la (7) purché
Alur. (), up () = 6

e questa, alla luce delle (14}, (15}, & senz’aliro vera se
(20) i "L [ (B0ha), i), 1ta) — vt ()t < = [ (000), mokelt) =~ o ()

in quanto per la (6) ’operatore

v € L*0,T; V) x Vg) —» Lov()
¢ limitato, monotono ed emicontinuo ([2], proporzione 2.5, pag.179).
La (10), ove si ponga 2 = w}, (¢}, e le (11) consentono la diseguaglianza

[ Bwhalt), w0, hnlt) — s ()t <

e
2, 1 2, 1§
Z f (fi(t), wy, (t))dt -+ = lun]; + o |ugy]s + 2 Z 1{Ajuio, wio)s +
I
1 i Z 2 1 T f !
ALt (D + 21 | S AT, win(D)s+ [ (B 1), )
da cui, con l'intervento delle (14), (17), (18}, si ricava:
H T ! i t !
i [ b0 0, ) ) <

12
Z f (fi(t), up (¢ )dt'l' fup 2 52 (Ao, wio)s +
1

- (D 3 [, s+ [t ]|
ovvero la (20) in virtu della (16} e della gid acquisita (8).

a (9), infine, & conseguenza immediata delle (13), {14).

Completiamo lo studio del problema (P.) con due teoremi di regolariti.

Poiché la dimostrazione di entrambi & sostanzialmente simile a quella del teo-

138



rema 1, ci limiteremo a segnalare soltanto quelle maggiorazioni utili al fine di

conseguire il risultato desiderato.

TEOREMA 2. Nelle ipotesi 11), ¢2), ¢4) per la soluzione (uy., us.) del
problema (P,) si ha:

‘ 2
uy, € DO, T Hy) , || uy, llsaoirsmy + 9 1 || e |lmrorwy < ¢
. 1

{¢ = cost. > 0 indip. da #)

DIM. Con riferimento alla soluzione (win, w2,) del problema (10}, {11}, dove

g, & assegnato dalla 74}, olire alle maggiorazioni (12), (13}, risulta anche:
(21) I wyn llzsormy < ¢ . (¢ = cost. > 0 indip. da € e da n)

Invero, tenendo presente che per la (5} e la seconda delle #4)

./[;T(ﬂ(w;.n(t)! w;n(t))’ ’le:n(t) - ’)’gw;n(t))dt = % !ﬂ(w'ln(T)! w;n(T))lz ’

dalla (10), con z = w,,(t) si ottiene:
T (1) 2 2
[ toi®lidt+ 3 b wi,(1) i<
1
T L 2
j; (Fi(t), w(Ohdt + 3 {{Arwn, wnn)s — (Aywna(T), wi, (T +
13

T 1
+ [ (Al (0, w5 (B, v} + Ml (DI

e di qui si perviene facilmente alla (21) con l'ausilio delle (12}, (13) e della

disuguaglianza

T !
(@) < oo o+ [ wha®) ot
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TEOREMA 3. Nelle ipotesi 71}, ¢2), ¢5) per la soluzione (ui., us.) del

problema (P,) si ha:

w, € H}(0,T;V}) ; w,, € L™(0,T; Hy) ,

2
I| ., ”LW(OIT;HI) + Z TR ”HQ(Q‘T;V!} <e¢ (¢ = cost. > 0 indip. da €)
I _

DIM. Relativamente alla soluzione (wyn, ®2,) del problema (10), (11), dove

Ugo = ugy = 0, si tratta di stabilire che

2
(22) | win llooqoriay + 2t | win g2z <e.
i

(¢ = cost. >0 indip. da € e da n)

Anzitutto
2

(Win, wen) € [] H*(0, T Vin)
i=1

grazie alla {4) e alla prima delle 75). La (10), per ¢ = 0, unitamente alla seconda,

terza e quarta delle 75}, comporta che:

[win(O)1 < e, (¢ = cost. > 0 indip. da € e da n)
(23)
w2n(0) =0.

Ponendo z = w,,(t) nella relazione che 5i deduce dalla (10} derivandone il primo

membro e approfittando delle 7;), della seconda delle (23) e della diseguaglianza

"

(“d*ﬂ('w{n(t), wya(t)) s Yrwrn(t) —wfzw;n(t)) >0 Vielo,T, .

si ha:
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[

1, » 2 t o 1 1
§|w1n(t)|§ +21 bifo || win(s) i} ds < z‘iwm(o)ﬁ + 5(141“11, uih +
1

1 a ¢ " ¢ [
o I aaoray +5 [ win(s) I ds+ A [ wg, (s)iids

Yo>0 Yt e[0,T].

Ne segue la {22) a causa della prima delle (23) e del lemma di Gronwall.

2. Siamo ora in grado di stabilire alcuni teoremi di esistenza per il problema

(P).

TEOREMA 4.  Nelle ipotesi i), #2), i) il problema (P) ammette una (e

una sola} soluzione.

2
DIM. Sia (w1, ua) € [[ H'(0,T;V)) la soluzione del problema (P,), la cui esi-
=1
stenza e garantita dal teorema 1. Lo stesso teorema 1 fornisce la maggiorazione

OF
Poiché
(Behe(t), uhs ()]s Mt () — vup, () = |B8(ui (8), e (B))]
usufruendo della (7) con 2 = u}, (t) e delle (8), (9), si ha:
(24) lfT 18(u),(t), uhe(t))|Pdt <. (¢ = cost. >0 indip. da )

£Jo

Grazie alla 3), ponendo nella (7), per ogni v € L*0,T; V1), 21 = v(t) e 2, =

~u(t), si constata, per effetto della (9), che

(25) I uy, “Li(ng;V{) <e. (¢ = cost. > 0 indip. da &)
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2
Consequenziale delle (9), {25) ¢ Pesistenza di (uy, ug) € [[ H*(0,T; V1), con
=1

n . . n . . . . “ge_woa
u, € L*(0,T;V}), e di una successione infinitesima {e,} di numeri positivi in

guisa che, per n — 4-oo:

Ule, —* U debolmente ,

in HY0,T;V)

(26)

u;,n — u in L*0,T;V!) debolmente ,
nonché

Uge,, (1) — wi(t) in ¥ debolmente Vit € [0,T],
(27)

uf, (t) — wi(t) in H;  debolmente Vitel0,T].

Controlliamo che (u3, ug) & la soluzione del problema (P).

Le (8), {27) conducono alle (1). La (24}, coadiuvata dalla prima delle (26),

da luogo alla (2), giacché ({8], lemma 1.5, pag.245)
I 8Gi(), w3()) lzaorsmn < Hm " | B(uy, () e, () lizaomimy -

2
Infine, per ogni (vi, vz) € [[L*(0,T;V)) con mui(t) — mava(t) € K q.o. su
=1

10, 7|, osservato che

(Blule, @)y ue, (8))s M(va(t) — v, (8)) — ma(va(t) —uge, (1)) =

= (')'lujlzn (t) - f)'?urﬂcn(t) -

=18 (uien (2)s v, () <0

Pr(mul,, (&) — 12ub,, (), 11o1(t) — vzva(2) — Pr (1wl (8) — vaule, (£))) +

go.se 0,7},
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sfruttando la (7), con 2z = v(t) — vy, (t), si ha:
T " z 1
fo (e, (8), va(hhadt + 3 1 {{Arwe, (8) + Bru, (), vi(8))e — (A(t), w(t) — i, (2))i}at 2
1
Lo, oo 1, & (1 1
2 §|u15n(T)|1 - §|u11|1 + Z ! {E(Aluisn(T)a we, (T)h — E(Azum, uph+
1
+fT(B wl, (t), ul, ().t
o e, » Yleg !
e di qui la (3}, in virtu delle (26), {27).

Lo stesso procedimento seguito per il teorema 4, col supporto dei teoremi

2 e 3, ci permetite di stabilire | teoremi seguenti.

TEOREMA 5.  Nelle ipotesi #;), 73}, #4) il problema (P) ammette una (e

una sola) soluzione (u;, uz) e si ha:

u, € L}0,T; Hy) .

TEOREMA 6.  Nelle ipotesi ¢1), ¢3), ¢s} il problema {P) ammette una (e

una sola) soluzione (ug, us) e si ha

w € HY0,T;Vi}, w, € L®(0,T; Hy) .

3.  Esemplifichiamo il problema (P) evidenziando due situazioni in cui le

condizioni richieste dal teoremi del n.2 sono facilmente realizzabili.

Denotiamo con §1; ed {1y due aperti di " limitati e connessi: {1; di classe
C° 0 C 0.

Scegliamo V; e V; in modo che

HY(0) CVi C HY (D),  Hy() C Vo C H'Y()
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e assumiamo

Hy= L3}, H=1L*Q,) [risp. H= L*(80,) se ;& di classe C*],
K={zcH:2<0}.
Hvidentemente:
VYzeH z—-—Pgz==z".

Indicato con w |'operatore di restrizione a (), definito in V| e con «, 'operatore
identico di H;({1;) in sé [risp. 'operatore traccia di ordine zero su 91, definito
in H'{(2;)}, poniamo:

M= YoloW, Y2 =o -

Assumiamo come operatori A; e B; quelli cosi definiti:

(A, 2 ={ky, 2y Yy,zeVi, kel™fh) e k>0,

<B1y1 z)l = Z / a"'sDryDade Vyaz = Vl H Ors = Ggr € Loo(ﬂl) ;
b=z

[+|=2

n
(Bay,2)2 = ) 4 fn bij Y 2s d +fﬂ byzdz VyzeV:,
i 2 2

b,'_.,'zb?',', bELm(ﬂg) e beo con bG:COEt. >0.

Ammettiamo che:

(Biz, 2} > b Y f |D z|*dz  VzeVy, (b = cost. > 0)
Irj=2 ¥
> f bij zg, 25, AT > b’ > / |z;.j%dz VzeV;. (6" = cost. > 0)
1 1z 1 I

Poiché (1, & di classe CP, la prima di tali disuguaglianze implica che [5]

(Bizy2hi + |28 2 b || 2|} VzeVi. (b =cost. >0)
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Spazi, operatori e convesso verificano le ipotesi precisate nella introduzione. Se
w(V1) € V; valgono la is) con v = w e la seconda delle i4) con ug = w(un); se

13 < 0 su {}; sussiste anche la seconda delle 75). Nel caso particolare:
4 =0,=0, Vleg(ﬂ) , ngffé(ﬂ) , H:Lz(ﬂ) ,

sussiste il

TEOREMA 7. Nelle ipotesi:

0 diclasse C*' | g, CY (), b; (D),
Up & Hg(ﬂ)ﬂ Hé(ﬂ) . Ugp © H&(ﬂ) n Hz(ﬂ) f U « Hg(ﬂ) f

flELz(OaTst(n)) ] fZZO,
per la soluzione {u;, uy) del problema (P) si ha:
up € HY0,T; H*(N)) , wu. € HY(0,T; HX(Q)) .

DIM. Sia (uy,, ug,) € HY0,T; HZ(N)) x HY(0,T; H}()) la soluzione del

problema (P,). Il teorema 2 garantisce che u;, € L*{0,T; L*(Q?)) e che

(28) |l vy, laorizeay + Il e oz + | v2e larormons ¢ -

(c = cost. >0 indip. da €}

Poiché la (7) equivale alle relazioni:
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(But(0), mh = () - wiult) = krwaelt), 20) = Z([uhe () - (O], &)

qo.su 0,7 Yz € HAQ),
(20)
(Brhe(t), z2hs = ([0 (6) ~ v (O)]", 22) — (ksune(t), )

g.o.su 0,7 Ve e HI(Q),

sulla scorta di un noto risultato di regolarita ellittica [5] si ha:

uh, € L0, T, HY(Q)) , uh, € L*0,T; HY{QY) ,

[ A

e (Il fi = iy, — kruge aominamy) +

| ule 2o mmay

———

1
T2 I {11 — ube] ™ lzarizaay | >

(30) (¢ = cost. > 0 indip. da €)

I A

Il ws. |IL9(0.T;H2(H}} ¢ [” kg ||Loo(n} : “ Uze ”Lﬂ{o,T;Lﬂ(n)) +
t2 i [ — un ]’ |22

Rilevato che

[ Baut6) — Brudo (), ut(9) — wha(6)] e < 0,

avvalendosi della (29) con 2z = [u,(¢) — wi {t)[T, si ottiene:
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B 2 [0 O Pt < [ Bard ), [h(0) ~ o) e

[ (a0, oha(t) g 0] <

< [ Bawhs Nosgomzaay + || k2 ooy - Il #s lzapaza@n]” I [#he — 93] ™ 220 mizaa))

Dalle (28), (30), (31) si trae che

1 wte lrao,rasan < ¢ _
(e = cost. > 0 indip. dae)
| whe oo izeony < ¢

e tanto basta per ['asserto.
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SINGULAR PERTURBATIONS WITH
MOVING BOUNDARY

Nota di Berardino D’Acunto *
Presentata dal Socio Pasquale Renno
Adunanza del 16.11.1991

Riassunto Si considera un problema di perturbazione singolare in domini generali
per 'equazione dei telegrafisti non omogenea con un piccolo parametro e I’ equazione
del calore non omogenea. Si assegnano dati arbitrar: sulla frontiera mobile insieme
con le condizioni iiziali. Si provano rigorose formule di approssimazioni ¢ la uni-
forme convergenza delle soluzioni.

Abstract We consider a singular perturbations problem in general regions for ihe
inhomogeneous telegraphist equation with a small parameter and the inhomogeneous
heat equation. We give arbitrary data on a general moving boundary together with
the initial conditions. We show rigorous approximations ?ormulas and the uniform
convergence of the solutions.

1 Introduction

In a famous paper [2] Cattaneo introduced a hyperbolic equation in order to remove
the paradoxe of the infinite speed of the thermals waves connected with the heat
equalion of the classical Fourier theory. Basing his arguments on statistical mechan-
ics, Cattaneo derived a hyperbolic heat equaiion with an inertial small coeflicient ¢
denoted material relazation time.

Some years later Zlamal [13, 14] and Fulks and Guenther [8] studied the ap-
proximation of the solutions of the hyperbolic and parabolic heat equations with
reference to the Cauchy and the initial-boundary values problems. However, to my
knowledge, singular perturbations problems with moving boundary have never heen
considered.

Recently, an increasing interest has been addressed to hyperbolic models for the
study of melting problems, particularly when high energies are involved [5]. Thus,
several Authors have considered hyperholic free boundary problems with reference
to heat phase changes [7, 9, 12, 3.

In connection with these questions in this paper we want to discuss the hy-

perbolic-parabolic singular perturbations related to the inhomogeneous {elegraphist

*Dipartimento di Matematica e Applicazioni, Facoltd di Ingegneria, via Claudio 21, 80125,
Napoli.
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equation and the inhomogencous heal equalion. We consider an initial-boundary
values problem with arbitrary data prescribed on the moving boundary & = r(t). In
this way we generalize also some results obtained in [4].

According to the modern formulations of the singular perturbations problems
(seee.g. [6, 10, 11]), we deduce rigorous and explicil estimates and prove the uniform
convergence of the solutions. Precisely, denoling by u.{z, ) and u(z,#) the solutions
of the two problems we get |u. — u| < ke?, with & constant independent of ¢,
and p > 0.

The singular perturbations problem we examine is different from the usnal ones
mainly for the presence of the moving boundary and for the form of the solutions
that can be given only by means of integral equations. So, after having defined
the problem in Section 2, we prove some necessary estirmates involving also the
meving boundary in Section 3. Finally, in Section 4 we show rigorous approximation
formulas for Volterra integral equations in order to obtain the uniform convergence

as well as a precise-estimate of the solutions. |

2 Statement of the problem

In this paper we denote by o the thermal diffusivity and by £ the malerial relaxation
time. Moreover, we indicate by @ = r(f) the equation of the moving boundary. We
want to study the convergence of the solution of a boundary value problem for the
inhomogeneous telegraphist equation to the solution of the corresponding problem
for the heat equation.

The hyperbolic problem is the following
(2.1) (€82 — ad? + O)uc(z, t) = flz,t), 2 > r{t),0 < i < T,
(2.2) ue(z,0) = ¢{a), w..(z,0) = (),

(2.3) u(r(t), t) = a(t).

In the parabolic case, we have, obviously, only an initial condition
(2.4) (—ad? + d)u(z,t) = flx,),x > r(t),0 < t < T,

{2.5) w(z,0) = ¢(z},

" (2.6) u(r{t),t) = alt).

We consider the singular perturbations problem with moving boundary on the region
(2.7) Q= {(mo,to) : 0<to<T, rlty) < ao < torforfe}, T > 0.
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However, for zg > tgi/e/c the hyperbolic boundary values problem becames a
Cauchy problem and the solution converges to the corresponding solution of the

parabolic initial values problem [8]. On the data we assume that

(2:8) p € CH(0, +ool), w(0) = a(0),

(2.9) lp(2)] < M, |¢'(2)] < My, lo"(x)] < ML,
(2.10) $ € CY[0,2Tv/afe]), ()] < My, |W'(x)| < M} 3
(2.11) a € CH[0, T}, Ja(t)] < Ma, la()} < ML, Ja(t)] < M2,
(2.12) FEC{(a,t) : 0<t<T,r(t) <z < oo}),
(2.13) o, ) < My, |fule, )] < M)

In (2.9)(2.13) M,, M., MY, My, M, M, M., M, M; M} are positive con-

stants. Moreover, on the function r{t) describing the moving houndary, we assume
(2.14) () € CH{0,TY), r(0) =0, |#(t)] < rq, v, = constant < Ja/e.

Now, we introduce the fundamental solution of (2.1)

(2.15) Viwo— 2 fo— ) = CJQ:_ID (\/(t{l ") (re- I)z) |

deve 4z2 dae

where I, (n > 0) is the modified Bessel function of order n and note that the solution

ue of {2.1)-(2.3) is given hy
—lo/2e 1 I
(216) ue((ﬂﬂati)) - < 9 @ (.’Eo -+ fuﬁ) + G(QJC_J}F -+
&

b [ bt )14 00V (o bl

¢
*[0 a{)[r(r) — er(7)0, — ad,|V(zg — ri7), e — 7)dr—
t
- /{] V(wg — r{T),to — T)|er(T)a(r) + aw(T)(1 — (1) /a))dr +
a 20 2{to~T1)
—+ fot dr '/S(T:n\/_t fla, 7YV (re — o, tp — 7)dz, (wg, le) € £,
where £ 1s defined by t = ¢g — (/e /a [2o — r(2)] and s(r) is given by

s{r)y=r(t)for 0 <7 <, s{r) = 20— \/g(t[) —7m)ort<r <ty

Moreover, w.(t) = u. . (r(1), #) is solution of the-following Volterra integral equation
(217)  wi(t) [1 - v*(t)\/g] = ey (1‘(15) +t\/§> + 2OV {r(), 1) +
a s ;
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+2 f e+ /afe et (2) + () (1 + ey )]V (r(8) — , t)da—

f 2/ M+ Eatﬂ +er (7)) |V (7t} — r(r),t — 7)d7+
+2j [ow, (7)(1 ~ er*(7) /), + f(r(7), 7))V (r(t) = r(7),t — 7)dr+
+2f jr{t”‘/_t 7 @ W) — 2yt — )0 < t < T.

r{r)
Then, we define
_fmpma)®

¢ talig—m)
(2.18) E(o — b —7) =

dra(ty — 7)
and write the solution u of (2.4)-(2.6)
(2.19) ulzg, lo) = jm w(z)E(xe — @, tp)dz —

0

*/Gto{a(r)(f(r) — b, )E{zmg — r(1),to — 7) + aw(T)E{zg — r(7), 1o — 7)]d7+
tDT = z,7)E(xg — 2,80 — Tz, (20,0) € 02
B [ ) = to - mide, (zo,to) € 9,
with w{t) = u.{r(t), 1) solntion of

(220) w(t)=2 [ (@)B(0) - 2, )de 2 ]; (Y E(r(t) = r(r)t — 7)dr +

-+2 /c;t[aw(’l"}al- + f(T(T),T”E(r(t) _ 7‘(T),f _ T)d’r-{-

] =4]
+2f0 dr fr(f) Jodo, DYE(r({t) — x,t —ride, 0 <t < T,

Finally, we want to recall two inequalities that can be easily deduced from [8,

Sec.2]

2 22
Ny - e = 1 ( ,_11-2 4a£)
(221} V(z,t) < 4E(x,1), C14E{e,l), fr] < Lyfafe.

Viae 1 = ex?fat?

3 Preliminary results

From (2.16), (2.19) we see that,
(31) 'U,E(ib’o, fO) - ‘Lt(.?')g, Ifg) = A(QTQ, tQ,E) + Ab(flfo, to, E) + AJ(:L‘O,t[),E) +

+/ a{w(r) — w.(r)[1 — e¥(r)/af}V (zo — (7)o — 7)dr,
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where

(3.2) A(xg, to, &) :a/: w(T}E(zo—r(1),t0—7)dr— aft w(T)V{zg—r{T),1g—7)dT,

_in
e 2¢ oo
(3.3} Ay(zo,tg, &) = T4 (3:0 + to\/') f E(zg — z,1p)dz +
zp+ip
i [TV

ep(z} + w(x)(1 + 284, )]V (2o — @, to)dz+

!Q—t
e 2e

2

+ a(t) — j;ﬂ a(7)[ad, — (7)) E(zg ~ r(T),;G —7)dr+
—I—]Ut[sa{’r)'ﬁ(r)ar +a(r)ad, — a(7)H(7) — er(N)a(r)V(ze — r(7), o — T)dT,

wot y/Z(to— T)
(34)  Ay(za,t0,€) f fm (2, 7)V (20 — 7,40 — 7)dr ~

B /o dr /a-(«r) fla,T)E(z0 — 2,8 — T)dr.

From (3.1) we see that the convergence of u, to u is proved if we show that the
right-hand member of (3.1} tends to zero with &, We develop this analysis in the
next theorems, where we give also rigorous and explicit estimates. We begin to

discuss Ag(zg, 1o, €).

Theorem 3.1 Under the hypotheses (2.12) — {2.14) there exists a constant K;

" independent of €, 20,1y, such that
(3.5) [Aj(zo, to, )| < Kyeld,
where g5 is a strictly posttive rational number.
Proof. By setting X; = zo + (—1)'{to — 7)\/o/e, (i = 1,2), and defining
2 t Xz
(3.6) A :/ dr /( TV = E)ro =10 = 7)dr +
0 {r
+f dT/ Flz, )V — E)(zo — m,to — 7)dz,
(3.7) Apy = _] ar [ " f, 7V Elwg - @, 1o — 7)d —

jto dr f(:L TV E(2g — 2,y — 7)d2,

we see that

(38) Af(.’l.‘o,ig,é) = Afl + Afz.
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The last term is easily estimated. Indeed,

1, 00 tg X
el <My [Car [ B(wo—a,to = r)do+ My [ [ Blao 2t — ),
0 2 t —00

and, therefore, by setting z = (z — z¢)}/\/da({ty — 7),

(3.9) A < M f e dz < 8v/2Mye.

f\f‘(io 7) /e

As for Ay we note that

(3.10) |Ap] < Mf] drf 20— z,t0 — 7)ldr,
since X| < #{7) for 0 < 7 < {. Morerover,

(3.17) [Ap] < Aps + Agra,

with z; = xg + (—1)"(to — 7)\/a/4e, (i =1,2),

. to T2 )
(312) ’ Afll :MfL dr |(V_E)(IO_$710_T)|dma

X1

to 2} X2
(3.13)  App = Mffo dr UX +]m )|(I/AE)(:co—x,to—-r)|d-x.

Considering (2.21), from (3.13) we have

to E S Xz
Af12§5Mff0 dr {j){lE(mo—x,tomf}dH/ E(a:o——rv,to—f)dat};
1 )

hence,
i bn—7 00 2
(3.14) Apz < 5My pe e“gfdr/ e 2z < IGU\@]\J;E.

SN

Now, we estimate Ayy,. First, we note that, setting

e o [ (-5 (7))

7zldz,
rl(te —T)/e [1 - (’I‘gr—i)z} !

, _r _ﬂ._.u 1— 5(&9:35)2

- tg—r 1
Apa =M cl'r/ : — — ljdx,
112 = f/ /—471_& fo — -r) I[l _ ;;(}"ﬁi?)z]l'u

— F(zg — z,tg — 7)|dz,




from (3.12) follows
(3.15) A1 < Apn+ Af_nz + Apnis

Afterwards, A11 can be evaluated hy app]y-ing the following property of the mod-
ified Bessel functions [15]

8 p -
(3.16) |1 (&) — 5 /+/2xf| < K/£, K = constant, £ > 0’
Indeed, ’
to 2 ¢~ Dedr 4K
3.17 NS I < X pge,
( ) firl = jln fo] \/ZEtQAT_\/g jE

since 1 — [e(xg — 5)*/alts — 7)%] > 3/4 when z; < 2 < 2. Now, we estimate A1z
obtaining
' ANYA i z2 (g — )2
A-<M(—) f I]E-wt,t— o= 1) 4o
mz =Hi\3 0 o - (w0~ .t T)a(ig—7'2

and, therefore
AN ey 12
(3.18) Az < 4M; (5) (—5)

i

Finally, we consider 413 and have

o 2 g — 7 € fxp—a\?
A My [t [P Bty L1 (Y
s = A [ T 1 (wo —a:ko ) 2s { 200 \ilg— 71

hence,

2Me b s dz 4M; [Te
A < -t j < — —.
(3.19) Aps < 2 e ) dr e (to— )32 = 2 T

Thus, the theorem is proved.

In order to discuss Ay(zo,%0,€) defined by (3.3), we use (2.8) and the identities
O, (eaV —gaV, + aV)+ 8 (ewaeV,) = (& +a)V, O (a )+ (aak,} = &E, Lo rearrange

it as follows

{3.20) Aplzo, tn, €) = Alwg, to, ) + Aglag, to, ),
where o
(3.21) Az, to,€) = e—;i[{p(mo + by fafe) — @(0)] +
F LV E 0t - 01+ (900) — O+ 20,1V (a0 = 0, Lo

— /ODO[(,Q(I) Z oW E(eg — x,t)de, -
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to
(3.22) Ay(zo,t0,€) j dr / ) o — T, b — T)dT —

to Toty/ E(to—7) : V
_f dr ]( ) vE [ed(T) + a(T)]V (2o — 2,10 — T)d7.
0 s(T

First, we study A.(zo, to, €).
Theorem 3.2 Under the hypotheses (2.8) — (2.11),(2.14) there exist a constant

K. independent of €,20,tq and a strictly positive rational number g, such that

| Ac(zo, to, €)| < K.e%.

Proof. From (3.21) we have A.(xq,t0,¢) = Ay + Acz, where

Y2 5]
A :]O {zp(x)—¢(0)1(1+eam)1/(w0—m,t0)dx—/o lp(2) — 2(0)) B — , to)dz,

Ao = ; [ (04 10/2) ~0(0)] + [ elita) ~ a0V (2o — 2, o)z,

and Y; = 25+ (—l)i'tm/a/a, (: = 1,2). This last term can be estimated as follows

t,

e~ Ya
|Aca] < M= (20 + toy/a/e) + de(My + M) /Y E(z — @, to)de,
and, therefore,
|Ar| < 2M\/ae + 4(My, + M))e.

As to A, we obtain
Aal < 10] 2] —w(0)[Blzo—2, )8,

since (14 €0y,)V (2o —z,t0) < 9E(xo — , 1) for (2.21). Thus, by assuming £y < £3/*
and introducing y = (z — z,)/\/4at,, we have

5M!  zoty/toa/elt 20M,,
vda +

|Aa| < ada j eV dy.
Vvmaty Jo VT Jippes

Hence,

|Aa| < 10\/§M;61'{8 + 80\/§Mwe”4
T

If, instead, to > £/%, by using (2.21) we have
|Act| < Aci1 + Aaa,

where

Aar = 2M, f (1 + €8y, )V (20 — 2, o) — E(xo — x, to)|dz,
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Az = 20M, jy] Bz — =, to)de + 22M,, j Flag — @, 1o )dx,
—o0 W2

with y; = @ + (1)1 /er/4e, (1 = 1,2). For A, we casily obtain

12M,

Ape < eV 2y < 6T2V2M 11

—to /32 /
taf16e

Moreover, we can estimatate A, by the same arguments used for Aspin Th.3.1

4 TE At 1]
Ac“ = ,\/_M [ + (g) —!— ;—2":! £ / .

So, the theorem is completely proved.

and get

Next, we discuss A,.
Theorem 3.3 Under the hypotheses (2.8) — (2.11),({2.14) there exists a constant
Ky independent of €, xg, iy such that |[Aa(xo, 20, )] < Kae¥4, where g4 is a strictly

positive rational number.
Proof. Defining

Vizg — x,ty — 7)dz+

i1 oG
+ f ’ al(r)dr Elzg — z,tp — 7)dx,
)

from (3.22) we have

Ag = An + An.
Moreover,
4M” tD (tu—‘r),flis 5
A f e~ dz < AMTz.
| dZi —+/(tg—1)/4e

On the other hand, A4 can be treated as Ay in Th.3.1.

Finally, we give an estimate on A{ay, to, ).
Theorem 3.4 Under the hypotheses (2.8) — (2.14) there exisis a consiant K,
independent of £, zg, 1y such that

Az, tg,e)] < K ye4

where g4 is a strictly positive rational number.
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Proof. 1t can be obtained by [3, Th.5.1] with obvious modifications.

Recalling Theorems 3.1-3.4 and formula (3.28) we see that the prool of the con-
vergence is completed if we show a similar theorem for the last term of the right-hand
side of {3.1). However, this requires a preliminary analysis involving integral equa-
tions that we develop in the next section.

4 Main theorem

From (2.17) and (2.20) we deduce

(4.1} w ()l - er*(t) o] —w(t) = Blt,e) + Bu(t,e) + B.(t,e) + Bs{t,e) +
+Br(t,e) \f f (t, 7, e {we(T)[1 — er?(r)/a] — w(r)}dr,

where we have used the following

(4.2) H(t,7,6) = 2aV,(r(t) — r{r),t — ),
(4.3) B(i,e) = 2a /0 Cw(r)(V, = E)(r{t) — r{r),t — 7)dr,
(1) Bi(t,e) 72/ W E = VY(r(t) = r(7),t — 7)dr —
—a,(t)\ﬁ - zf a(r)e(By, + #{7)e )V (r(8) — r(7),1 — 7)dT,
(4.5) Bt e) = e t)+tm —z/ ) — &, t)de +
ROV, [ Vo o) + )0 B V) — 1),
(46)  By(te) = 2] /r(”‘ﬁt“ (o, WV (r() = 2.t — )z +

+2/f ) PV = B)(r( )--r(T),t—T)dr—zfdrf”)fx(.l-,T)E(r(z)__;p,tmfr)dm,
Galt,e) = ™% ( r(t )+t\f) +2f Fr(),M)V(r(ty = v(r),t — r)dr+
ROV F2 [ ) + e I+ BV (r(e) — 2, e
\f _2 f 1+ e8y + eF(r)A]V (M) = r(r),t — )7+
%2]0 dr f() VR W) — 20t — 1)da,
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¢
(1.7)  Br(t,e) = Gy(t,e) + 2/ Vo{r(t) — r(r),t — P)we(r)a]l — e#%(r)/a]dr.
o
Now, we note that (see (3.1) and Th.s 3.1-3.4), in order to complete the proof of

the convergence of u. to u we have to estimate the function
(4.8) F(t,e) = w(t)[L — &7 (1) /ae] — w(i).
Moreover, recalling (4.1), (4.2) and setting
Glte) = B(t,e) + Bylt,€) + Bult,e) + By(t,e) + Br(te)i(1) Je/a,
we see that the function F'introduced in (4.8) satisfies the Volterra integral equation
(4.9) Fli,e) = Glt,e) —i—/UtH(t,T,a)F(T,s)dr.

Therefore, we can estimate F' if we are able to find an upper bound for the solution

of (4.11). However, we will show later the [ollowing (see Th.s (4.3)-(4.7))

Theorem 4.1 Under the hypotheses (2.8) — (2.14)

(4.10) |Gt )] < Kgete,

where Kg is a constant independent of e,1 and q¢ is a positive vational number.
Thus, now, we can state

Theorem 4.2 If the hypotheses (2.8)— (2.14) are satisfied there exists a constant
k independent of €, xy, to, such that

fus('rl]: tD) "" u('TOa 1(O)I S qu:

where q is a strictly positive rational number. Therefore, u, converges uniformly to

U.

-Proof. Let us consider the integral equation (4.9). Recalling (2.14) and (2.21)
for the kernel H(1,7,¢) defined by (4.2) we have

(4.11) [H(t,re)l < Trifyfma(l — 1),

Therefore, we can apply the results of [1, p.97) and obtain an a priori upper hound

for Volterra integral equation (4.9). Moreover, from (4.10) easily follows
[F(l,e)| < Kper,

where Kr does not depend on #,e and ¢z > 0. Now, we can use this inequality to

estimate the last term of (3.1). Indeed, recalling (2.21) we get

1 ‘ .
Ea'fﬂ F{r,e)V{zg —r(r), iy — 7)dr| < djal[n Kpet.
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This, together with Theorems 3.1-3.4, proves compietely ¢he theorem.

Obviously, (4.10) must be proved. This will be done by studying one by one the
terms defining (&. We begin with B;(¢,¢) given hy (4.6).

Theorem 4.3 Under the hypotheses (2.12) — (2.14) there exist a conslant Kpj
independent of £, and a strictly positive rational number p; such that |By(t,e)| <
[{stpf.

Proof. From (4.6), setiing 22 =r{t)+ (I — )/ e/fe,
t Za
Bn=2/d (2, )V = EMr(t) — 2t — 7)de,
p=2fdr [ fule )V = E)r() — 2.t - 7)ds

1 o]
By — _gfo dar [ fla T)B(r(t) — = 7,

B =2 /Ut Sr(r), )V ~ EYr(t) —r(r),t — 7)dr,
we immediately have

(4.12) By =By + By + Bpa.

We can apply to By, and By, the arguments developed for Ay and Ay in Th.3.1
and get

[ anyt o1 T ,
(4.13) | B SSM;,{[%M@\@]H [(5) +€—2] \lf}, |Bpy| < 8V2M/e.

Finally, we consider Bz and first assume ¢ < £*4. Then,

5M; ¢ dr_ 10M
4.14 Byl < f/ < O a8,
(#.14) Bl < e b Jims = Jra©

H, instead, t > &%/ we define

Qo

Dl—{0<'r<t—53/"‘ :

Dz—{0<’r<t—€3/4 :
o

| ™
L |
-3
—
™
=
|
=
o
-
~

and observe that
(4.15) |Bys| € Byar + Bysz + Byas,

with
Bt = szf ((V — E)(r(t) = (7).t — 7)ldr,

Dy
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Byoa = 2M; [ IV E)r(t) = r(r)ot = 7,

Bjss = 2M; / (V — E)(r(t) — (), — 7)|dr.

1 Ed,f'i
The integral Biaa is estimated as By in the previous case

10My e

ey

(4.16) Bf33 <

Moreover, as [r(¢) — r(7)*/a(t —7) > (t = 7)/4e on Dy, for Bys, we obtain

5M; e 20M, (4Ts)‘f’
4.1 < Ir < :
(4.17) B s s b T S Jra

Finally, we discuss By3; using the same argumenis applied to Agpin Th.
8M; 7 ANTAN|

B ‘ o -I (7) o2

3 < Jro { e + 3 + e

Irom this last incquality and recalling (4.12)-(4.17) we see that the theorem is

3.1 and

achieve
5/8

I

proved.

Consider, now, By({,¢) and show
Theorem 4.4 Under the hypotheses (2.8} — (2.11),(2.14) there exisi a constant
Ky independent of 6,1 and a strictly positive rational nwmber py such thal |By(t,2)] <

Il’f,&'pb,
Proof. From (4.4), by defining
t
B =2 [ a(r)(B — V)(r(t) ~ ()t = 7)dr,
i)

By = —af \/—5 Qf a(r)e(dy + (T} )V (r(t) —r(r) 1 — T)r[’.",

we, obviously, have B;(1,e) = By + 3,,. But,

[Byz] = 2e]a{0)V (r(1), ) + /Dt a(T)V(r(t) —r(r),t — )dr| < M! \/;: +4 \/gﬂ'f:c?.

Morcover, By can be treated exactly as By of the last theorem.

We consider, then, the term £3(t,e) given hy {1.3) and note that, lollowing [3.

Th.3.1] we can show
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Theorem 4.5 Under the hypotheses (2.8) — (2.14) there exist a constant Kpg
independent of e,t and a strictly positive rational number pg such that |B(l,e)| <
I{BEPB.

An analogous result holds for B.(t,e) defined in (4.5). Indeed, we have

Theorem 4.6 Under the hypotheses (2.8) — (2.11), (2.14) there exists a constant
Kg. independent of €, such that |B.(t,e)| < Kpg.cPe, where p, is a strictly positive
rational number.

Proof. From (4.5) we obtain B.(t,e) = Bg + B, with

]r(1)+i\/a/s
0

By =2 [/ (2) — @ (O)](1 + €84, )V (r(t) = 2, t)dz—

-2 [ ¢'(@) — P (O E(r(t) — =, O)dz+
+200) [0+ BV (r(t) — 2,) ~ B(r (1) — 1)),
Ba = [ (1) +,/2) = #/(0)] + 200V (), )+
+3 /OT“W‘/EEW(@V(T(A) _ 2, {)dz,

since

- & 00 r(t)+t\/a/e .
&h _ 2]( E(r(t) 2, )de + 2]( | (1 4 ey V (r(t) — z,)dz = 0.
T(t (i

MUI‘EUV@I‘,
L ot _eqrt)—x
Ba| < M"e % [r(t) + th/a/e] + Myr/c/ae e = 4
|Bal < M ¢
)+t o/ '
+2£M;’)/0 /e Vir(t) — a,t)de < 4M:;\/as + Myyfe/e + 8 M),

Finally, B, can be estimated as A, in Th.3.2.

The study of Br(t,€) is given by
Theorem 4.7 Under the hypotheses (2.8) — (2.14) there exist a constant Kp

independent of ,t and a strictly positive rational number pg such that

(4.18) |Br(t,e)i(t)\/z/a] < KrePF.

Proof. As (4.7) holds we first consider G5(t, <) and note
|6_1/2€£p’(r(i) +iy/a/e)| £ ﬂ-[;,
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5251,/)(0)1/(7"(:%),t)+2f0rmH el @V (r(t) — 2, t)da] < Myyfefo+ M),
'Qfoﬂtmmsv’(m)(i 428, WV(r(l) — 2, 0)dz| < 18M
I\/ga(t) +2 fot WYL + £, + er (1) |V (r(£) = r(7),t — T)dr| =
= 2Ea{O)V(r(2),) + 2 [ lei(r) + IV (r(t) = v(r), £ — )| <
< M’\/E/E + 2eM" T ra +2M\ T ra,
f (r(t) = r(r),t — 7)dr| < 2Myy/T/ma,

r(i)+ (t—7)
2/ [ Ve V() — oyt — el < SMIT.

*(r)
Recalling all these results we gel

(4.19) |Ga(t,€)] < 19M], + 8M,, +8M ;T +

F2M! + MW T /ra + (My + M))\/e/a.

On the other hand from (2.17) we immediately obtain
i
(4.20) Rilt,e) = Gr(te) + [ Hilt,r,e)Fi(r,e)dr.
0
where we have defined
Fi(t,e) = w,()[L - er(1Y/a], Gilt,e) = [+ 7(t)\/e/a]Gall,e),
Hy(t,7,e) = [L+7(t)/e/al2aVo(r(t) — r(r),t — 7).

The solution Fy of integral equalion (4.20) can be estimated as F' in Th.4.1, since
IG1 (1, €3] < 21Galt, )|, | Hh(t, me)} < 20Ha(L, 7, e)].
Therefore, we achieve
| Pyt e)l < My + My/e + Mae,
with M;, (i = 1,2,3), constants independent of ¢ and £. Consequently,
(4.21) |/ﬁt Hy{t,r, e Fy(r,)dr] < (M) + Ma/E + Mag)lr /T mar

Considering (2.14), from (4.19) and (4.21) we obtain (4.18}.
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STUDIO PRELIMINARE DELLE CROSTE CALCAREE (CALICHE) DELLA
CAPITANATA (PUGLIA)*
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Adunanza del 16 Novembre 1991

RIASSUNTO: Vengono riportati 1 risultati di uno studio preliminare condotto
sulle croste calcaree, "caliche"; ampiamente diffuse in gran parte della Puglia centro -
settentrionale. In particolare & stata presa in esame |' area della Capitanata compresa tra
il F. Fortore ed il F. Ofanto, dove sono stati riconosciuti con discontinuiti piti orizzonti
calcarei sovrapposti /o intercalati alle differenti formazioni geologiche costituenti i
locale substrato. Le successioni di croste affioranti nell' area pugliese, nonché le
strutture e le tessiture riconosciute al microscopio, sono analoghe a quelle studiate in
altre regioni del Mediterraneo { Spagna, Francia, Marocco ) e deli’ America centrale. Le
condizioni di un clima arido - semiarido, e |' evidents attivitd hiologica riconosciuta
nella formazione delle croste calcaree, lasciano intuire per le croste calcaree pugliest un'
origine ed evoluzione di tipo pedogenetica.

ABSTRACT: The results of a preliminary study dealing with calcareous crusts,
“caliche”, widely spread in central - northern Apulia have been reported. In particular,
the area of Capitanata between the rivers Fortore and Ofanto has been examined: here,
several calcareous horizons superimposed on and/or intercalated in the different
geological formations, constituting the local substrate, have been recognized in a
discontinuous way. The crust profiles which outcrop in the Apulian area, as well as the
structures and the textures recognized under the microscope, are similar to the ones
which have been studied in other Mediterranean regions ( Spain, France, Morocco } and
in Ceniral America. The arid - semiarid climatic conditions and the evident biological
activity recognized in the calcareous crust let us infer that Apulian "caliche” have
pedological crigin and evolution.

PAROLE CHIAVE; Caliche, Paleosuoli, Palcogeografia, Quaternario
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1. INTRODUZIONE

In questa nota vengono riportati i primi dati relativi allo studio delle croste
calcaree presenti nell' area pugliese, unica regione italiana in cui si registrano
significative segnalazioni di tali depositi.

Lo studio delle croste, gia note in gran parte dei territori che si affacciano nell’
area mediterranea (Francia, Spagna, Nord Africay pud dare utili informazioni sui
caratteri essenziali del clima e della morfologia che hanno interessato quest' area
durante il Pleistocene sup. ¢ I’ Olocene.,

La ricerca, in questa fase prcliminare, & rivolta essenzialmente ad accertare la
distribuzione dei "caliche" sul territorio pugliese ed a definire i caratteri sedimentologici
principali delle diverse litofacies affioranti, senza tralasciare ghi aspetti morfologici che
hanno potuto influenzare localmente la genesi e lo sviluppo di tali depositi.

In particolare, & stata presa in esame |' area della pianura della Capitanata
compresa tra il F. Fortore ed il F. Ofanto, dove sono stati riconosciuti pilt orizzonti
calcarei sovrapposti e/o intercalati a differenti formazioni geologiche costituenti il

locale substrato.

2. PRECEDENTI CONOSCENZE

1 primi studi sulle croste carbonatiche presenti nell' arca pugliese sono da riferire a
DE DOMINICIS {1920 a, 1920 b) che considera le croste come formazioni attuali,
originatesi per coagulazione di soluzioni carbonatiche ascendenti e di pseudosoluzioni
colloidali circolanti in un suolo sabbioso.

PANTANELLI (1939) attribuisce le croste al Quaternario inferiore 0 medio e le
considera come depositi di origine chimica in ambiente lagunare o lacustre.

MINIERI (1955) avanza alcune considerazioni in merito all' origine e al
significato paleoclimatico delle croste. La genesi di tali depositi sarebbe legata  alla
concomitanza di due fattori: I' elevata permeabilita delle formazioni incrostate, ed un
regime sub-tropicale secco. Cid avrebbe favorito la risalita delle soluzioni permeanti, la
loro evaporazione e la conseguente deposizione del sedimento calcareo.

STAMPANONI (1959) segnala [a presenza i ‘“concrezioni calcaree” su
conglomerati calabriani alla sommita di superfici terrazzate.

TRICART & CAILLEUX (1969) segnalarono la presenza di "glacis encroutés”
nell' Italia meridionale come esempio di paleoforme residuali sub-aride in zone
atiualmente temperate.

NEBOIT (1975) in uno studio merfologico della Puglia e della Lucania orientale
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dedica ampio spazio al problema delle croste carbonatiche e per la prima volta vengono
riconosciute ¢ descritte due differenti litofacies, la cui denominazione vede applicata la
terminologia francese. L' Autore ritiene che le croste calcaree costituiscono un orizzonte
legato ad un caratteristico episodio climatico verificatosi tra il tardo Riss- Wurm,
MAGAILDI (1983) ha condotto studi micromorfologici sulle croste calcaree
provenienti da suoli di tipo mollisols in Puglia e alfisols in Sardegna, e evidenzia che il
processo pedologico di formazione differisce tra i due gruppi di suoli. In particolare,
secondo MAGALDI, il fenomeno che porta alla formazione delle croste calcaree

coinvolge soluzioni sovrassature di carbonato di calcio.

3. INQUADRAMENTO GEOLOGICO-MORFOLOGICO

Il Tavoliere costituisce un ampio settore della regione pugliese prevalentemente
pianeggiante ¢ delimitato ad ovest dalla "avanfossa adriatica meridionale” {CASNEDI,
CRESCENTI ¢ TONNA, 1984). Le stratigrafie costruite sulia base di perforazioni
profonde per ricerche d' acqua e di idrocarburi (CARISSIMO et alii.,, 1963) hanno
evidenziato che la regione & costituita da un basamento calcareo cretaceo, di cui il
Gargano e le Murge rappresentano i margini affioranti; i sedimenti miocenici e plio-
pleistocenici, in gran parte arenacei ed argillosi, poggiano su tale substrato carbonatico.

Dall' inizio del Quaternario all’ Olocene, nell’ area si & verificato un progressivo
sollevamento, (intervallo III b, IV-V; CTARANFI et alii, 1983) che ha determinato una
interruzione della sedimentazione francamente marina. Inoltre, le ultime vartazioni del
livello del mare legate alle fasi placioeusiatiche (CASNEDI et alii, 1984;
IYALESSANDRO et alii, 1989) banno rimodellato i tratti piti prossimi alla costa
conferendo ad essi un profilo regolare blandamente inclinato verso il mare.

4. TERMINOLOGIA

Il termine "caliche” & stato utilizzato per la prima volta da Blake (1902) per
indicare un deposito carbonatico che presentava un diverso grado di cementazione.
Talvolta, con questo termine sono stati chiamati depositi di natura diversa da quella
calcarea, come nel caso delle ghiaie cementate da nitrato di sodio ed altri sali rinvenute
in alcune zone del Cile e del Perti (FAY, 1920; KLOCKAM & RANDHOR, 1947 }.

Per questo motivo GOUDIE ( 1972 ) suggerisce di utilizzare il termine .di
“calcrete” indicando con esso " i materiali formati dalla cementazione €\ alterazione di

un suolo preesistente o di una roccia formara da carbonato di calcie”.
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Int un lavoro fondamentale sulla genesi e distribuzione dei caliche della Spagna e
di alcune regioni dell'America centrale ESTEBAN & KLAPPA ( 1983 ) propongono
nell' ambito dei profili di caliche una suddivisione in quattro diversi orizzonti
sovrapposti geometricamente I' uno sull' aliro e che dall’ alto verso il basso vengono
cosl denominati:

1) hardpan

2) platy

3) nodular-chalky
4) chalky

Altra classificazione delle croste calcaree viene proposta da VOGT (1984) sulla
basc di studi svolti in alcune regioni della Francia meridionale, Algeria ¢ Marocco.
L'Autore distingue i seguenti tipi di croste calcaree:

1) crosta "zonaire" : crosta sommitale molto dura formata dalla sovrapposizione di
lamine alternativamente chiare e scure.

2) crosta "tuffeuse” : crosta friabile, a prevalente granulometria fine, il cui strato
superficiale si presenta a volte sottilmente laminato ("fenilletee”).

3) crosta "en dalle" : crosta con diverso grado di cementazione che ingloba clasti
eterometrici e poligenici.

La crosta "zonaire” della scuola francese comprende i duc tipi crosta "plaiv” ¢
"hardpan” di ESTEBAN e KLAPPA (1983); mentre la crosta "tuffeuse” & assimilabile
alla crosta "nodular- chalky". Talora, la crosta "platy” & confrontabile anche con la
facies "feuillete" che il VOGT colloca nella porzione piit alta della crosta "toffeuse”
considerandola come termine di transizione tra la crosta "zonaire" ¢ la crosta "tuffeuse”.

Per quanto riguarda la crosta "en dalle", essa non trova diretto riscontro nei profili
di caliche analizzati da ESTEBAN & KLAPPA, sebbene potrebbe rappresentarc un
termine di passaggio tra la crosta "chalky" ed il substrato.

In questa fase dello studio delle croste calcaree della Capitanata & stata utilizzata
la terminologia della scuola francese, in quanto pit aderente alle caratteristiche delle

ltofacies rinvenute.

3. ANALIST DI CAMPAGNA

Le croste delta regione pugliese hanno una distribuzione areale molto pit ampia
di quanto non venga evidenziato dalla cartografia geologica ufficiale (F. 175
Cerignola, F. 163 Lucera, F. 164 Foggia e F.188 Gravina) (Fig.1). Infatti, tali croste
calcarce interessano gran parte della pianura della Capitanata con estensione areale di
almeno 3000 kmq. Tale particolare distribuzione & legata indubbiamente alle
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caratteristiche del clima delia regione, con escursioni medie annue di poco inferiort ai
17 °C, inverni non eccessivamente rigidi, due massimi di precipitazione a novembre ¢ 2
marzo, ed un lungo periodo secco estive (BATTISTA et alii, 1987).

Nell' area della Capitanata, in relazione a locali fattori fisici, geografici e
morfologici, si registra localmente un microclima tendente al predesertico che si
discosta da quello dominante di tutta la regione pugliese (BISSANTI, 1974,
BATTISTA et alii, 1987). Nella regione esaminata i caliche presentano spessori
variabili da zona a zona, a partire da qualche decimetro fino a 2,50-3,00 m. Quando gli
spessori sono maggiori, si possono distinguere pii facies litologiche sovrapposte le une
alle altre (Fig.2). '

Nell' area compresa tra Cerignola e S, Severo, la crosta di tipo "zonaire”, & la pil
diffusa; ovunque, si presenta ben cementata, con sottili laminazioni, alternativamente di
colore chiaro e scuro (Fig.3); lo spessore medio & di circa (,40m-0,50m. Essa poggia
direitamente, sia sui vari terreni del substrato, sia su crosta del tipo "tuffense” efo del
tipo "en dalle".

Nei pressi di Cerignola (M.ria Risicata), Lavello ed Ascoli Satriano {M.ria S,
Marco), la crosta "zonaire” poggia direttamente sul substrato locale. In loc. M.ria
Risicata (fig. 2a) esso & costitnito dalle Sabbie di Monte Marano, mentre presso M.ria S,
Marco & formato dai conglomerati del ciclo regressivo pleistocenico ( Conglomerati di
Irsina, Conglomerati di Lamia).

Nei pressi di Lucera, Foggia, Trinitapoli, Orta Nova la crosta "zonaire" evolve
inferiormente a crosta "tuffeuse”, la quale si presenta ovunque con aspetto pulvernlento
e solo raramente cementata (Fig.4). In particolare presso Lucera (fig. 2e), dove il
substrato locale, in affioramento, & costituito dai conglomerati regressivi pleistocenici,
si rinviene un deposito di crosta "tuffeuse" spesso circa 0.50-0.70 m, a cui segue,
gradualmente verso I'alto, la crosta "zonaire" con uno spessore di 0.30- (.40 m. Al
passaggio tra questi tipi di crosta & evidente un deposito pill cementato ¢ sottilmente
laminato (crosta "feuillettée”). Tale situazione si riscontra anche nei pressi di Trinitapoli
in localitd Le Quattro Masserie (fig. 2f) e M.ria Cafiero, ove il substrato non & visibile
(Fig.5 e Fig.6).

Presso Torre Maggiore (M.ria di Pumpo, fig. 2g) , dove il substrato & costituito
dai depositi alluvionali di eth quaternaria appartenenti al I ordine di terrazzi del F.
Ofanto, contrariamente alle aree precedenti, si rinviene sclo crosta "tuffeuse” con uno
spessore di circa 2 m.

In altre localitd, S. Ferdinando di Puglia e nei pressi di Ordona {fig. 2h), la crosta
“zonaire" evolve verso il basso a livelli centimetrici di crosta di tipo "en dalle”,
scarsamente cementata, priva di laminazione, presente a piu altezze nella sottostante

formazione delle Sabbie di Monte Marano.
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Fig.3 - Aspetto crosta "zonaire". Loc. Posteggio S. Giusto (Troia)

Fig. 4 - Crosta "zonaire" e crosta "tuffeuse" Loc. Posteggio S. Giusto
(Troia).

172




Fig. & - “Caliche” affiorante in localitd le Quattro Masserie;
passaggio tra la crosta “zonaire", "feuilleté@e” e "tuffeuse".

Fig. & - Particolare della foto precedente che illustra il passaggio
tra la crosta "zonaire" e la crosta "tuffeuse”.
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Nei dintorni di Ordona livelli discontinui di crosta "en dalle" sono riconoscibili a
pil altezze nelle sabbie con lenti di puddinghe della formazione dei Conglomerati di
Lamia,

Sitnazioni analoghe sono state riscontrate anche presso Ripalta (fig, 21), ove il
substrato interessato da tali lenti e livelli discontinui calcarei & costituito dalle Sabbie di
Serracapriola. Tale fenomeno si registra anche nell'ambito dei depositi clastici di
antiche conoidi di deiezione, presenti presso Poggiorsini alle pendici occidentali det
rilievi calcarei delle Murge. Nell'ambito di brecce calcaree, ben cementate, con scarsa
matrice, poggianti direttamente sulla formazione dei Caleari di Altamura, a pib altezze
ed in maniera discontinua si ritrovano livelli lenticolari di concrezioni calcaree di tipo
"en dalle", spessi al massimo qualche decimetro. Le concrezioni presentanc un colore
bianco-rosato con numerose inclusioni di varia natura, quali quarzo, elementi femici e
litici. La crosta "zonaire", spessa circa 10-20 cm, sigilla il deposito nella parte alta (fig.
2m). '

Anche lungo it T. Olivento { fig. 2 1), dove il substrato & costituito da sabbie con
lentt e livelli di conglomerati, sottostantd a sabbie fini di origine wvulcanica, si
rinvengono intercalati a piir altezze, livelli centimetrici di crosta "en dalle”" abbastanza

cementata.

6. ANALIST DI LABORATORIO

Sono state svolte numerose analisi su campioni prelevati dalle tre litofacies di
croste rinvenuie in campagna. L' analisi microscopica delle diverse litofacies delle
croste pugliesi ha evidenziato vari elementi diagnostici utili per il riconoscimento delle
tessiture tipiche dei caliche.

Le tessiture principalt riscontrate sono essenzialmente riferibili a quella micritica
pelletoidale e a quella alveolare (ESTEBAN, 1974). Nelle diverse matrici sono, inoltre,
riconoscibili vart tipi di granuli, principalmente pisoidi e peloidi, strutture tipo rizoliti,
fibre di calcite, etc.

La tessitura micritica pelletoidale, & stata riscontrata in tutte le litofacies ( ad es.
foc. Masseria Cafiero, Masseria Risicata, etc.). Tale tessitura, denominata "clotted” da
JAMES (1972), HAY & REEDER (1978), ESTEBAN & KLAPPA (1983), si riconosce
fondamentalmente per la presenza di numerosi peloidi, costituiti principalmente da
aggregati criptocristallini di calcite, di forma e taglia diversa (Fig.7). In tale tessitura,
oltre ai peloidi sono talvolta presenti anche altri granuli tipo pisoidi. Questultimi si
differenziano per la presenza di un nucleo, che pud essere di varia natura, rivestito da
un inviluppo micritico (Fig.8). I peloidi ed i pisoidi, rinvenuti nelle croste della
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Fig. 7 - Tessitura "clotted" determinata da densi peloidi
micritiei {"glaebules"} {Loc. M.ria Risicatal.

Fig. 8 - "Caliche glacbules" (piseidi). Granuli formati da auclei

rivestiti da dinviluppi micritici poce laminati (Loc. Posteggio §.
Giusto).
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Capitanata, sono assimilabili ai "glaebules" di ESTEBAN & KLAPPA (1983).

La tessitura alveolare & caratterizzata da pori cilindrici ed irregolari ( vuoti
primari ) separati da pareti o fibre di micrite (Fig.9 e fig.10). Lo spazio tra le "lamine”
micritiche & variabile ¢ spesso tra di esse si rinvengono fibre di calcite, che formano
delle bande o dei ponti determinando la formazione di pori secondari. Talvolta, questi
vuoti sono riempiti da sparite pitt grossolana, o pil comunemente da microsparite o da
calcite microcristailina.

I canali e le stratture tipo rizoliti sono comunemente riempite da microsparite
(Fig.11}. Questa tessitura, con strutture da rizolid, & mokto frequente nella crosta di tipo
"zonaire” ( loc. Masseria Cafiero ), ma & presente anche nelle intercalazioni di crosta di
tipo "en dalle” (loc. Torrente Olivento, Poggiorsini) (Fig.12).

Talvolta, nei campioni analizzati si osserva il passaggio tra tessitura micritica
pelietoidale e quella alveolare.

L' analisi al microscopio di alcuni campioni di crosta "zonaire" ( loc. Masseria
Trionfo, Masseria del Bono ), ha evidenziato che la tessitura pelletoidale evolve
{ateralmente o verticalments ad una tessitura micritica laminata. Le lamine formano
delle bande sinuose in cui si riconoscono degli strati micritici alternativamente chiari e
scuri. Inoltre, nei campiont di crosta zonaire, Ie analisi di laboratorio hanno mostrato tra
I' altro anche la presenza di frammenti di funghi endolitici.

Le tessiture descritte appaiono analoghe a quelle osservate da diversi autori (
ESTEBAN, 1974; CALVET & JULIA, 1983; ESTEBAN & KLAPPA, 1983 ) in altre
aree del Mediterraneo. Tali autori mettono in luce la stretta relazione esistente tra la
tessitura alveolare, le radici e le ife funginee, sottolineando in tal modo !' importanza
dei processi pedogenetici nella formazione delle croste calcaree. Pertanto, pur non
avendo affrontato in questa fase di studio i problemi connessi ati processi di
precipitazione e dissoluzione del carbonato di calcio nella zona vadosa, si pud
ipotizzare sulla base delle osservazioni svolie, che anche per i caliche pugliest la genesi
& stata controllata dai processi pedogenetici.

7. DISCUSSIONE CONCLUSIVA

Le croste calcaree della Pianura della Capitanata st estendono per una vasta area
della regione pugliese ampia circa 300.000 ha, e mostrane  spessori  dell' ordine di
2-3m.

L' esame deghi affioramenti ha consentito il riconoscimento di varie Htofacies con
un diverso grado di cementazione che possono talora associarsi formando profili di
caliche pilt 0 meno completi. Le litofacies riconosciute sono analoghe a quelle segnalate
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Fig. 9 - Tessitura alveolare. Ponti di micrite che delimitano delle
piccole cavitd talvolta riempite da cementi; presenti peloidi di
taglia variabile (Loc. M.ria Cafiero).

™ ” -’ - =]

m‘-"’ RS !

- "\.'9 .‘ v, &“g

4 - ‘3@ .
& \ a F 4

& g8
Yol

Fig. 10 - Particolare della tessitura alveolare al polarizzatore.

177



Fig. 11 - Rizolite. Struttura organo-sedimentaria prodotta dall'

' attivita delle radici (Loc. M.ria Cafiero).

Fig. 12 - Crosta "en dalle" intercalata a sabbie di origine vulcanica
(Torrente  Olivento). -
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in altre aree del Mediterraneo quali Spagna, Francia, Africa del Nord ( ESTEBAN &

KLAPPA, 1983, CALVET & JULIA, 1983; VOGT, 1984 ) (Fig. 13); esse sono :

a) crosta "zonaire” di colore bianco, ben cementata e laminata;

b) crosta "tuffeuse”, molto pulverulenta , quasi priva di cementazione;

¢) crosta "en dalle”, intercalata ai terreni del substrato, di aspetto pill massivo e quasi
sempre priva di stratificazione.

Anche nella regione pugliese, lo sviluppo delle croste calcaree si realizza sia sul
substrato sia nell' ambito di esso; analogamente quasi sempre al top delle facies di
“caliche" si rinviene un suolo. L' analisi microscopica ha permesso di riconoscere
diverse tessiture. La tessitura alveolare e pelletoidale sono quelle predominanti ed a
queste si accompagnano di frequente rizoliti, fibre di calcite e pisoidi.

La presenza di sostanza organica nelle croste carbonatiche sommitali di tipo
zonaire, attribuita a resti di funghi endolitici e la particolare struttura alveolare e
pelietoidale, dimostrano ' importanza  dei microorganismi e delle radici nclla
formazione dei "caliche”. L'attivitd biologica dei filamenti funiginel ¢/o algali medifica
il grado di acidita delle acque favorendo i processi di diagenesi vadosa. Tali processi si
sarebbero verificati in condizioni di clima arido-semiarido tendente al pre-desertico.
Secondo JAMES & CHOQUETTE (1984) tali particolari condizioni climatiche
favoriscono di regola un' ampia distribuzione delle croste calcaree, nonché lo sviluppo
dei profili con pif orizzonti e con differente struttura e grado di cementazione. Queste
caratteristiche sono largamente rappresentate nei calcreti pugliesi. Sulfa base dei fguori
gsaminati emerge chiaramente che lo sviluppe delle croste carbonatiche della
Capitanata  si  realizza nell' ambito di  un substrato  vergine (roccia
madre)(KLAPPA, 1983} favorito da un insieme di processi pedogenetici.

’ La pedogenesi, controllata dalle condizioni climatiche e morfostrutturali, si
sviluppa secondo orizzonti preferenziali ad andamento irregolare., Questi orizzonti dopo
v certo tempo si identificano con le diverse Htofacies riconoscinte, che di regola
vengono sigillate dall' orizzonte sommitale della crosta zonaire alla cui formazione
possono contribuire sia processi bielogici che fisici.

Allo stato attuale dello studio, nei caliche della Capitanata non sono state
riconosciute sovrapposizioni di pilt profii che possano dimostrare il ripetersi di
sequenze cicliche determinate da particolari climatiche succedutesi nel corso del
quaternario. .

L' ampia estensione areale delle croste, nonché la continuitd ed omogeneita delle
litofacies, dimostrano che lo sviluppo di tali paleosuoli & stato condizionato, tra I' altro,
dalla particolare conformazione morfologica del rilievo molto simile a quella di un
pediment ampiamente esteso dal margine orientale della Catena fino all’ Adriatico. Lo

stato di conservazione dei paleosuoli e del profilo morfologico dell’ originario
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pediment, lasciano intuire che lo sviluppo dei "caliche” della Capitanata si sia realizzato
sotto condizioni morfologiche e climatiche non molto differenti dall' attuale ed in un
arco di tempo probabilmente compreso tra il Pleistocene sup. e I' Olocene.

Studi pih dettagliati estesi ad altre arce, affiancati da analisi morfologiche e
strutturali rivolte all' intera regione, potranno chiarire meglio i processi che sono

intervenuti nella evoluzione di tali paleosuoli calcarei.
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A NONLINEAR SINGULAR
PERTURBATIONS PROBLEM

Nota di Berardino D’Acunto *
Presentata dal Socio Pasquale Renno
Adunanza del 7.12.1991

Riassunto Si studiano delle questioni di perturbazioni singolari con riferimento
alle equazioni non lineari del calore e di Cattaneo.

Abstract We discuss some singular perturbations questions related to nonlinear
Heat and Cattaneo equations.

1 Introduction

The singular perturbations problems related to telegraph and heal equations were
first discussed by Zlamal in a series of papers, see e.g. [9, 10]. Successively, Fulks
and Guenther [5] treated the case of the damped wave equations and Kopadkové-
Sucha [6] the mildiy nonlinear case.

The physical interest in rigorous approximations of the solutions of the above-
mentioted equations is even more important. Indeed, the telegraph equation with
a small inertial term was proposed by Cattaneo {1] to replace the classical heat
equation in order to remove the paradox of the instantaneous propagation of the
thermal disturbance. Moreover, a non-Fourier heat theory can play an important
role in many physical situations such as fast flux reactors or laser welding [8].

With this in mind, in some previous works [2, 3] I have already considered
hyperbolic-parabolic singular perturbations questions, particularly when the bound-
ary is moving. In this paper the singular perturbations problems for the following
equations

Ele i + Uet = Olg zp + f(ma tjué‘} ue,z}a

Uy = AUy + f(m,t,u, u.:r:)

is discussed with reference, mainly, to the initial values problem.
Following the modern formulations of the singular perturbations problem [4, 77,

rigorous approximations estimates are shown. The main result is the following

‘Dipartiménto di Matematica e Applicazioni, Facolta di Ingegneria, via Claudio 21, 80125,
Napoli.
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Jue{z, £) — ulz, )] + oo oz, ) — uz{z, §)] < keP,

where k is a constant independent of g, #,# and p is a strictly positive rational

number. Consequently, we also get the convergence of (., . ) to {u,u.).

2 Statement of the problem

In this paper we study some singﬁlar perturbations questions for the following non-

linear hyperbolic and parabolic equations
(21) EUe 1t + Ust = QlUg gy -4 f($, t; Ug, us,:f:)a

{22) Up = Qg + f{a:, t,u, us’.‘)-

Here, u, = du/0r, u,, = du,/0z... Moreover, e is the thermal diffusivity and &

the material relaxation time. We first consider the Canchy problem on
(2.3) Dy ={{z,#) : 0<t<T, —oc <z <o}, T >0,
with two initial conditions for equation (2.1)

(2.4) (i, 0) = B(z), we(s,0) = ¥(s),

and only one, obvicusly, for (2.2)

{2.5) u{z,0) = ¢(z).

Later on, we will examine the initial-boundary values problem for the same

equations when the following boundary condition is added
(2.6) u (0,t) = u(0,t) = alt).

Under suitable hypotheses (see the end of this section) both the solution of (2.2),
(2.5) and the solution of (2.1), (2.4) on D can be given by means of integrodiffer-

ential equations. So, for problem (2.1), (2.4) we have

t 22(7)
(2.7) ua(m,t)zjo dTLT FUE T ua(€,7), ue (8, TV (@ — €, — 7)dE +

a0 +aslo)) + L e o1+ 0V~ €., (w21) € Dr.

Here, we have introduced the functlons

(2.8) zi(r) = 2+ (~1)i(t — 1)\ Jafe, i = 1,2,
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and the fundamental solution of {2.1)

(2.9) V(e—tt 1)< T, (\/(t S 5)2) ,

4o

where I, (n > 0) is the modified Bessel function of order n.

Similarly, by using the fundamental solution

z—6)7
Bvia(t—r)
2.10 Blo—ft—1)= -0
(210) (e =4t=7) dra(t - T)
the solution of (2.2), (2.5) on Dy is
(2.11) u(z,t) = /0” W(E)E(w — £,8)dE +

4 [Lar [7 (67,0l 1) e DBl — €.t =), (2,0 € Dy
By differentiating (2.7), (2.11) with respect o = and setting

~4
2

5 1@ () + ¢ (e - [T (OB € e +

€

(2.12) m{z,t,2) =

[Ef/)'(f) + (A + )V (e - &, 1)de,

11(

(213)  n(z,t,e) = fdrff(;) (6,7, kb, 7), we g6, 7)) Vil — €, — 7)dE —

_fo dr ]:: JUE T w(€,7), ue (€, 7)) ol — £,1 — 7)dE,

0: f/;:;gff(l‘z(v')ﬁ, u(To(7), T), ue g (ma(7), 7)) —

%f($1(’r), Ty us($1(T)= T)a uﬁ.&(lfl(T)v T))]dT=

(2.14) Iz, t,e) =

we obtain
(2.15) e o, 1) — ug(z,1) = m(z,t,e) + nlzyt,e) + =, t,€) +

4 [ 716 g 6,7) = 16 7, 7) el P Bl — €, — 7).
Moreover, from (2.7), (2.11), by defining

_L
2e

(2.16) m*z,t,e) =

5 le@m(0) + ¢(ea(0)] — [ (&) Bl — &, 1) +
+ [0 + O + BV (e~ €, ),
@17)  n(ate) = /Ot dr/(()) FE Ty 06, 7), e (6, 7))V (w — £,L — 7)dE
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— [dr [T 167, ul6,) el ) Bl — &1 = 7,
we get

(2.18) ue(z,t) — u(z,t) = m*(z,t,e) + n*(z,t,e) +
[ [T 1 a6 ) 67) = (6 mou(6 ) w6, Ee — &t — T)E.

We conclude this section with the hypotheses under which we discuss the singular

perturbations problem
(2.19) @ € C?(] — 00, 00),

(220) [o(@)] < My, /(@) < M2, 16"(2)] < MY, (M, Ml M const.),

(221) % € O] = o0,00), [9(a)] < My, ()| < M, (My, M} const.),

(2.22) feC°({(z,t,2,w)|(z,t) € Dr, —00 < z < 00, —00 < w < 0}),

(2.23) - f(=,t z,w)| < My, (M = const.),

(2.24)|f(z,t, z,w) = f(a,t, 2% w*)| < CH{|z — *| + |w — w*|}, (Cy = const.).

(2.25)  for each C' > 0 and for |z|,|w| < C, the function F(z,t,z,w) is
uniformly Holder continuous in z and ¢ for each compact subset of Dr.

Here, obviously, the constants are assumed to be independent of ¢.

3 Rigorous approximations. Convergence

We begin the sectign by proving some rigorous and explicit estimates that we will

use in the following.

Theorem 3.1 Assume hypotheses (2.19) —(2.25) are fulfilled. Then one can find
a constant K, independent of e,z,t and a sirictly positive rational number q; such
that
[ife,t,8)] < Ky, |

where | is given by (2.14).

Proof. Indeed we have

¥ oo
|{(z,1,€)]| <Mf/o \/Q_Ed'r<2Mﬂf£/a.

Now, we consider n(z,t,¢) given by (2.13) and show the following
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Theorem 3.2 Assume hypotheses (2.19) —(2.25) are fulfilled. Then one can find
a constant K, independent of e,z,t and a strictly positive rational number ¢, such
that |
In{z,t,¢)| < K,&%.

Proof. By using
31 m =_j de FUET ey e (€, 7)) Eal — €8 — 7)dE —
= [ [T fE € gl B &= )
(2 ma= [ar [77 6 7uule, ) ueg 6 Ve = Bollo =&, = ) =
with z,(7) defined by (2.8), from (2.13) we have
(3.3) n =y + ng.

First, we estimate ny and get

fael _ =g
ml <y [ar| [0 Lo Qe (e |
1 f o —00 40{\;‘7"'&(]’,' — 7)3/2 227 4o J?F_-a_(l', — T)3/2 1

and, therefore,

M; e \/?
3.4 —_— dr < 2Ms\f—.
(34) Il < \/ﬁfe Vimr SV
Now, we study ny given by (3.2). By setting
. t—
(3.5) wn) =2+ (32T =1,
e 2
1 w1{7)
(3.6) ng = M; dr] (Ve — Bo)(z — £, — 7)|dE +
0 z1(T}
£ o)
+Mff dT] (Ve — Eo)(m — &t — 7)IdE,
o w(n)
1
(3.7) nm:MffD dT/ (Ve — o)z — &8 — 7)JdE,
we easily have
(3.8) ng < Ng1 + Ngg.

We, then, introduce the following inequalities [5, Sec.2]

"ﬁ Il ( 462 4a5)
(3.9) Vie,t) < 4E(z,t), = < 14E(z,1), |z] < ty/a/e,
) (@:0), v \/l —ex?/at?
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and discuss ny; as n;. So, we obtain

15M; it e G \/7
. < T < 60M
(3 10) o = o o \/{—:— T I

Moreover, for nsy, by defining

w b (21— ()
=y [ar [70 L : -
221 A (7 2a(t—r)\/4a \/1—-5(ﬂf
o \(i—T

R rpy
- 3/4|d£1
(tq)/s[ _s(;gi)]
fep iZT N E IR
M/td /-yz(r} e —¢€] eome® 1 n(t—r)l 1 e
1 = T - —— ,
PR T e 2= Jaral 1) (0

t w() |z ¢ PR =k
naz = My [ dr [ | - Bla—¢,t—)ldt,
)

1) 20{t—7) faraft — 1)
we get,

(3.11) Tigg < Mgz + Mgz + Naga.

But, n2y; can be estimated by using the following property of the modified Bessel
functions {12]

{3.12) o Ha(z) — €/V2r2] < K/2, K = constant, z > 0.
Thus, since
(3.13) 'f:f' \/ for yy(7) < € < yaol7),
we get
Mf_[&

e T dr < ZMfK\/eTa.
3/ae Jo 3.

Furthermore, by noting that e=% < (4/3e2)¥%, z > 0, and using (3.13), we obtajn

(3-14) gy <

(315)  naze < % G) (542) Dt ((35"3_1:;31 < (g) (36) Mj’fs (2e)},

Finally, we evaluate ngys. Since 1—e™* < 2z, for z > 0 and 1 — (v)2) =1 v < v*[2
for 0 < v < 1, we obtain

EMf w2 (7) |$ M£|5 e talt-7)
Tiggy < f d‘rf d¢
= 1607 n(r (t—7)* \/'.To_f(t -~ T)
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Hence, by using (3.13) and e™* < (7/3e2)"/3, 2 > 0, we get

(3.16)  ngs < M; (36) (%Sf = 5/6 < 6M, (31) %(25)1/3.

Considering (3.1)-(3.4), (3.6)-{3.8), (3.10), (3.11), (3.14)-(3.16) we see that. the the-

orem is proved.

Theorem 3.3 Assume hypotheses (2.19) — (2.25) are fulfilled. Then one can find
a constant K,,, independent of ¢, x,t and a strictly positive rational number q,, such
that
|m{z,t,£)| < Kme™,

where m is given by (2.12).

Proof. First, we define

(3.7 = [ el (OVee - €0,

(3.18) 2= A 01(0) + (0} - 20 2]

(319) ma = | f:“)”{w’(a) — @)1+ BV (2 - &, )¢ —
- [T 16) - ¢ @B — ¢, 1)de.

Then, from (2.12) we get

(3.20) m(z,t,€) = my +my + ma,

%—/ E(z — £,1) tdg+j (14 ed)V (e — & 1)dE = 0.
We can estimate my by using (3.9). Indeed,
(3.21) sl < 4e M), j (:}U) Elx — £,0)d¢ < 1M,
Now, we consider.mg and have

Jgs
2

. 5 “lle (21(0)) — /()] + 1(22(0)) — ()] < 2M5 /s,

(3.22) fmal <
Lastly, we examine my. By recalling (3.9) from (3.19) we have

sl <10 [ 1/ (24(0)) — ' (@)| Bz — &, 1),

, fa B . [ B 5M£ z2 Ty
|m3|<20M¢j_mE(m {,t)d§+25)M¢f22 Elz f,t)deerzl |z — £]de,
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with zy = z — \/ta/el/t, 2z = x + \/ta/el/1. Hence,
4 1 = T
§m3| < w\/%M;e Bei/t jo e~y2/2dy + 5M$ at/ﬂ.EI/Z,
where y = ({ — z)/v4ot. In conclusion,
(3.23) Imal < 160vV2MLe "t 4 5M!\[at [rels2.

Thus, if t < ¢%/4 then from (3.23) we get

Imaf < 160V2MLeM* 4 5MYaet/4/x.

From this last result and from (3.17)-(3.22) we see the theorem is shown. If, instead,
t> 63/4, the proof of the estimate for mj has to be modified. This can be done by
adapting to this case the arguments used in Th.3.2 for ng,, so that the theorem can

be proved completely.

Theorem 3.4 Assume hypotheses (2.19) —(2.25) are fulfilled. Then one can find
a constant Hy, independent of e, x,t and a strictly positive rational number p,, such
that
Im*(2,1,¢)| < Hpefm,

where m* is given by (2.16).
Proof. The theorem follows without difficulties from known results (see e.g.

(3, 5]).

Theorem 3.5 Assume hypotheses (2.19) —(2.25) are fulfilled. Then one can find
a constant H, independent of e,x,¢ and a strictly positive rational number p,, such
that
|n*(z,t, &) < Hae™,

where n* is given by (2.17).

Proof. By considering the definition (2.9} of the fundamental solution ¥V, this
" proof follows, with obvions modifications, from the one of Th.3.2.

Finally, we can show the main theorem.

Theorem 3.6 Consider the functions u,(z,t), u(z,t) solutions, respectively, of
(2.1),(2.4) and (2.2),(2.5). If hypotheses (2.19) — (2.25) are fulfilled there exists a

constant k independent of e, z,t and a strictly positive rational number p such that

le(z,2) — u(e, O} + |ue o, 1) — uy(e, 1)} < ke,
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4 Conclusions

It can be shown that the method introduced above for the Cauchy problem can be
used without difficulties also for the singular perturbations initial-boundary values
problem (2.1), (2.2), (2.4)- (2.6).
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Proof. Consider formula {2.18) and introduce the norm
(324)  lue — ull(t) = sup{luc(z,7) — u(w, )| + |uea(=, 7) — walz, 7)i}

0 <7<, —oo <z oo,

From Th.s 3.4, 3.5 we immediately obtain
. $
(3.25) luclz, ) — ulz, 1)} < bt + offo s, — | |(r)dr

where A* is a constant that does not depend on &, z,% and ¢* is a strictly positive
rational number. Moreover, we consider formula (2.15) and use {3.24). Recalling

Th.s 3.1-3.3 we achieve
Eue uEl(

\/—t—-r

‘where h is a constant that does not depend on &,z,1 and ¢ is a strictly positive
rational number. From (3.25), (3.26) it follows

(3.26) e (2, 1) — ug{a, 1)] < he? + C; /

B27)  lue — ul[(t) < kre” + C; /Ot N, — wl|(7){1 + [ra(t — 7))~ Y2)dr,

where k; is a constant that does not depend on £,z,¢ and p is a strictly positive

rational number. Now, we consider the following integral equation
1

(3.28) yl(t) = ki + C; / y(r {1 + [re(t — )Y} dr,
0

and note that the solution is

2

P o0
y(t) = hie /0 exp ( Zt + Sj;i) sinh (pwin + C}/da) pdp.

ztafz\/w(cf + CHia

Hence, after some manipulations we achieve

2

Cy i
e+

Vo I 4a

Since the solutions of inequality (3.27) are bounded by the solution of integral equa-
tion (3.28) [11], we finally obtain

(3.29) y(t) < 2kyePexp (T

2
Cf
Vi f+ )

Recalling definition {3.24) we see the theorem is proved.

[lee — ul|(t) < 2k1e”exp | T

]

Remark. Th.3.6 implies also that (u.,u..) converges uniformly to (u,u,).
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